AGH

AGH UNIVERSITY OF SCIENCE AND TECHNOLOGY

FIELD OF SCIENCE NATURAL SCIENCES
SCIENTIFIC DISCIPLINE PHYSICAL SCIENCES

DOCTORAL DISSERTATION

Dynamics of Quantum State in One-Dimensional Open
Systems with Random Perturbation: Phase-Space Approach

Author: Dariusz Wozniak
Supervisor: Dr hab. inz. Barttomiej Spisak, Prof. AGH

Completed at: AGH University of Krakow,
Faculty of Physics and Applied Computer Science

Krakéw, 2025






Pragne serdecznie podziekowac promotorowi, dr.
hab. inz. Barttomiejowi Spisakowi, za opieke
naukowg, poSwiecony czas oraz wyrozumiatoSc
przez caty okres studiow doktoranckich.

Pragne rowniez podzigkowat zespotowi z Kat-
edry Fizyki Matematycznej UMK, w szczegol-
noSci prof. dr. hab. Dariuszowi Chruscinskiemu,
za ciepte i merytoryczne przyjecie w Toruniu.
Dzigkuje réwniez moim kolegom: dr. inz. Dami-
anowi Kotaczkowi, mgr. inz. Mateuszowi Gali,
mgr. inz. Maciejowi Kalce oraz mgr. inz. Piotrowi
Pigoniowi, za dyskusje, pomoc oraz atmosfere,
ktéra sprzyjata prowadzeniu badan.

Na koniec pragne podziekowat Rodzinie i Przy-
jaciotom za cierpliwoSC i wsparcie - bez nich
ukohczenie tej pracy nie bytoby mozliwe.






OSwiadczenie autora rozprawy:
Oswiadczam, Swiadomy odpowiedzialnosci karnej za poSwiadczenie nieprawdy, ze niniejsza prace dok-
torska wykonatem osobiscie i samodzielnie i ze nie korzystatem ze zrédet innych niz wymienione w pracy.

data, podpis

OSwiadczenie promotora rozprawy:
Niniejsza rozprawa jest gotowa do oceny przez recenzentow.

data, podpis



Abstract

The subject of this doctoral dissertation is the dynamical analysis of open quantum system in the presence of
random potential perturbations using the phase-space formalism. Using the Stratonovich-Weyl quantisation
scheme for a one-dimensional system interacting with an N -dimensional environment, the equation of mo-
tion for the Wigner function was derived from a microscopic perspective. Due to the adopted assumptions,
the results obtained refer to weakly interacting memoryless systems. The resulting equation of motion, af-
ter assuming a linear expression for the Lindblad symbol L(x;p) = ax + bp, a;b 2 C, was expressed in
operator form, and subsequently, the second-order split-operator method was applied. The time evolution
generator was expressed as the sum of four operators, for which a commutation table was prepared. As a
result of the calculations, it was observed that the part of the generator not containing the potential term
can be separated exactly, thereby reducing the number of applied Fourier transforms. Next, the equation of
motion for the approximated averaged Wigner function of the statistical ensemble was derived, yielding an
equation with a diffusion coefficient that is linearly dependent on time, the perturbation strength, and the
second derivative of the potential. As model systems, a single Gaussian barrier and a chain of such barriers
were considered, and each of these systems was then perturbed by a random vector whose components were
independent random variables. For such prepared potentials, the equation of motion for the Wigner function
was solved numerically using the split-operator method, with a common Gaussian initial condition. In the
C++ implementation of the algorithm, the Fast Fourier Transform (FFTW3) was employed. The dynamical
analysis of the studied cases was based on the following measures: statistical - averages, standard devia-
tions, and covariance; phase-space - nonclassicality parameter and Wigner-Shannon entropy; state - purity
and Loschmidt echo; distance - the L2(R?)-normalised distance between the solution for the unperturbed
potential and the approximate solution. These measures were used to study the influence of the environment
on the dynamics of the open system. Additionally, the existence of stationary states for the studied cases
was analysed.
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Streszczenie

Tematem rozprawy doktorskiej jest analiza dynamiczna otwartych uktadéw kwantowych w obecnosci
losowego zaburzenia potencjatu przy uzyciu formalizmu przestrzenno-fazowego. Wykorzystujac schemat
kwantyzacji Stratonovicha-Weyla dla jednowymiarowego ukfadu oddziatywujacego z N-wymiarowym
otoczeniem wyprowadzono, w ujeciu mikroskopowym, réwnanie ruchu dla funkcji Wignera. Ze wzgledu na
przyjete zatozenia, uzyskane wyniki odnosza sie do stabo oddziatywujacych uktadéw bez pamieci. Otrzy-
mane réwnanie ruchu, po przyjeciu liniowego wyrazenia na symbol Lindblada L(x; p) = ax+bp, a;b 2 C,
zapisano w jezyku operatorowym, aby nastgpnie przystgpiono do zastosowania metody split-operator
drugiego rzedu. Generator ewolucji czasowej zostat wyrazony przez sume 4 operatoréw, dla ktérych przy-
gotowano tabele komutacji. W wyniku przeprowadzonych obliczen zauwazono, ze czg§¢ generatora nieza-
wierajgca czesci potencjalnej moze zostac odseparowana w sposéb doktadny, obnizajgc tym samym liczbe
zastosowanych transformacji Fouriera. Nastepnie wyprowadzono réwnanie ruchu dla przyblizonej usred-
nionej funkcji Wignera zespotu statystycznego, otrzymujac tym samym réwnanie ze wspotczynnikiem dy-
fuzji zaleznym: liniowo od czasu, rzedu zaburzenia oraz drugiej pochodnej potencjatu. Za modelowe uktady
przyjeto pojedyncza bariere gaussowska oraz fancuch takich barier, a nastgpnie kazdy z tych uktadéw
zaburzono o wektor losowy, ktérego wspétrzedne byly niezaleznymi zmiennymi losowymi. Dla tak przygo-
towanych potencjatow rozwigzano numerycznie, metoda split-operator, rownanie ruchu dla funkcji Wign-
era, przy wspolnym warunku poczatkowym w postaci funkcji Gaussa. Przy implementacji algorytmu w
jezyku C++ zastosowano Szybka Transformate Fouriera (FFTW3). Analize dynamiczng badanych przy-
padkéw oparto o miary: statystyczne - Srednie oraz odchylenia standardowe i kowariancjg; przestrzenno-
fazowe - parametr nieklasycznoésci oraz entropie Wignera-Shannona; stanu - czystos¢ oraz echo Loschmidta;
odlegtosciowe - znormalizowana do jednosci odlegtos¢ w przestrzeni L?(R?) migdzy rozwigzaniem potenc-
jatu niezaburzonego oraz miedzy rozwigzaniem przyblizonym. Przy ich pomocy zbadano wptyw otoczenia
na dynamike uktadu otwartego. Dodatkowo, podjeto sig analizy istnienia stanu stacjonarnego dla badanych
przypadkow.
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Introduction

Throughout history, we have been taking part in the constant, unending race between experimental methods
and theoretical models in physics, where at different periods one took over the other to pave the way for
scienti c research. Focusing on events after 1900, when Max Planck revolutionised physics by solving the
problem of black-body radiation, we have seen massive growth in the research and scienti c community,
a renaissance of physics, where new ideas were born on the spot while others died nearly as quickly. A
great overview by Styer et. al. [164], shows the diverse formulations of the quanta theory since Planck's
discovery. We shall focus on one patrticular formulation of quantum theory, namely, the phase-space ap-
proach. It is built on the quasi-probability distribution function known as the Wigner function, in which the
positionx and momentunp variables are treated on equal footing. This formulation lays the groundwork

for a similarity to statistical mechanics, however, the algebra betwesrdp is non-commutative [43] in

this formulation. Moreover, the emphasis shifts from the probability amplitude to a new statistically proper
measure, the Wigner distribution function (WDF), de ned on the phase space. Its equation of motion is
known as the Moyal equation, which, when written in differential form, can be treated as a quantum analogy
to the classical Liouville equation but with additional terms resulting from quantumness of the system [29].
Those are represented by the power series of the Planck constant multiplied by the higher-order deriva-
tives of the potential, and the momentum derivative of the WDF. The beginnings of this formulation can
be traced to the work of H. Weyl [181], J. von Neumann [176], E. Wigner [182], and H. Groenewold [76].
Their results were synthesised by J. Moyal [126], who, from a statistical perspective, demonstrated the
similarity between this new framework and fundamental quantum theory. In particular, Moyal calculated
expectation values of observables, connected them to the Heisenberg uncertainty relation, and revealed that
the underlying structure is generated equivalent to the deformed Poisson bracket, which in turn led to the
evolution equation for the WDF. However, it should be noted that the agenda behind von Neumann's work
was not concerned with the phase-space approach but rather with the Stone-von Neumann theorem. Never-
theless, the von Neumann's results were closely related to and, in fact, identical with those later obtained
by Moyal [85]. In the end, the phase-space approach was elevated to the status of a statistical theory, equiv-
alent to Schrodinger or path-integral formulation of quantum mechanics. Controversial for some and even
unsettling for others [86], it nevertheless offers the best of two worlds, classical and quantum, and continues
to direct research toward semiclassical analysis [27], hon-commutative geometry [36], pseudodifferential
operators theory [121], quantum trajectories [18], and Bohmian mechanics [84].

With current technological advances, we can experimentally verify posed theories or build new ones
that explain the results. This progress has led to device dimensions so small that quantum effects can-
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not be ignored, nor can devices be treated as isolated systems. For example, environmental effects
in nanoscale systems can cause decoherence, which in uences the dynamical properties of these sys-
tems [191, 190, 67, 189, 192]. The moral of this observation is that quantum effects, such as tunnelling
or the superposition of states, can no longer be considered solely in terms of isolated or closed systems,
they must be treated as open systems interacting with their environment. The rst attempts to describe such
systems were made by Wangsness and Bloch [178, 20] and later extended by Red eld [137]. In their work,
Wangsness and Bloch derived a general Boltzmann equation for the density matrix. Red eld, inspired by
their results, proposed a systematic procedure for deriving a suitable master equation describing a spin sys-
tem coupled to a thermal bath. The equation introduced is known today as the Red eld equation, and remains
the standard starting point for the microscopic derivation of the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) equation. The GKSL equation, independently discovered by Lindblad and Gorini, Kossakowski,
and Sudarshan, represented a breakthrough in the theory of open quantum systems [112, 72]. It was derived
on the basis of rigorous mathematical assumptions about the density operator of an open quantum system.
The key result of these works was the general characterisation of the generator of open-system dynamics,
which guarantees complete positivity, trace preservation, and hermiticity, ensuring that the time evolution
maps quantum states to valid quantum states. Today, the GKSL equation is regarded as the natural gener-
alisation of the von Neumann equation, extending the description of time evolution from isolated or closed
guantum systems to the open ones. Naturally, the GKSL equation is neqala¢ion of everythinépr open

systems as it has important limitations. In particular, it does not include memory effects in the system. Sub-
sequent research has therefore developed alternative approaches, such as the Nakajima-Zwanzig equation,
which incorporates memory kernel explicitly [127, 193], and the time-convolutionless (TCL) approach intro-
duced by Shibata [156, 155], which instead encodes the memory effects of the system in a time-dependent
operator rather than an integration kernel. In addition, stochastic methods have also been developed and
play an important role in the theory of open quantum systems. For a broader overview of these and other
approaches, see Ref. [25].

The thesis consists of four chapters followed by a summary, where we also outline perspectives for
further research. Its structure is as follows. In Chapter 1, we introduce the standard formalism of quantum
mechanics. We begin with the notion of the abstract state vector and extend it to the density operator, moti-
vated by the distinction between pure and mixed states. We discuss its key properties, the evolution equation,
and the solution for a given initial condition in the case of isolated and closed systems. The chapter pro-
ceeds with an introduction to the tensor product Hilbert spaces, preparing the ground for the description
of open-system dynamics via the GKSL equation. Finally, we brie y present the Nakajima-Zwanzig equa-
tion, which extends the GKSL framework to non-Markovian cases. In Chapter 2, we present the central tool
of this thesis: the phase-space formulation of quantum mechanics. We begin with a comparison between
classical and quantum phase spaces and the probability functions de ned on them. Next, we provide the
necessary analytical background, including the de nitions of the Weyl transform, the Wigner function, and
the Moyal product. We further introduce the Stratonovich-Weyl correspondence and apply it to the case of a
at total phase space describing two coupled systems. In Chapter 3, we provide the theoretical background
for the split-operator method. We start from evolutionary-type equations and their solutions within operator

D. Wozniak Dynamics of Quantum State: Phase-Space Approach
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theory. Then, we recall three basic schemes for approximating the exponential of a sum of operators, and
extend the method to explicitly time-dependent operators. In Chapter 4, we derive the equation of motion
for the Wigner distribution function (WDF) of an open quantum system. Later, we consider linear quantum
jump operators and formulate a split-operator algorithm for numerical implementation. The commutation
relations between the relevant operators are analysed, leading to explicit second- and fourth-order schemes,
including the case of a time-dependent potentigx; t). To complement these results, we also discuss iso-
lated and open systems in the light of previously published work. Subsequently, we consider a randomly
perturbed potentiaV (x; ), parameterised by a random vectarand derive the approximate equation of
motion for the ensemble-averaged WDF. Finally, we analyse the system using the split-operator method and
compute its dynamical parameters.

The main motivation behind this work was to derive the GKSL equation in terms of phase-space quanti-
sation and implement it numerically. Additionally, in the spirit of the research conducted during the studies,
we aimed to analyse the measures used to characterise the quasi-probability distribution in the case of an
open guantum system. The derivation used the microscopic approach to the dynamics of the open system,
as described in [24], while the numerical implementation was based on the split operator algorithm for the
linear type of quantum jump operators. Due to the differential nature of the equation of motion, the Fourier
transform was used to convert partial differential operators into matrix multiplication. The author's contri-
butions presented in this dissertation are directly based on the achievement of speci ¢ objectives, including
the following:

1. Microscopic derivation of an equation of motion for the Wigner function of an open system, based
entirely on the phase-space approach. These calculations were based on the derivation performed for
the density operator and were presented in the Chapter 4, Section 4.1.

2. Derivation of the equation of motion for the Wigner function of an open system with a linear quantum
jump operator, along with a numerical algorithm for calculating its evolution. This result is present in
Chapter 4, Section 4.2.

3. Calculation of an exact splitting of the exponential operator into the kinetic and dissipative parts
of the Wigner-Gorini-Kossakowski-Sudarshan-Lindblad equation with at most quadratic dissipators
presented in Chapter 4, Section 4.2.

4. Implementation of the algorithm in C++. The initial results obtained with its help are presented in
works [185, 186, 97], available in the Appendix F. The algorithm and some issues regarding its im-
plementation are presented in chapter 4, section 4.2, and also in the Appendices E and C.

5. Proposition of an approximate equation of motion for the ensemble-averaged Wigner distribution
function.

6. Analysis of single- and multi-barrier systems with random perturbations, including the study of phase-
space parameters and their comparison across the systems. These are presented in Chapter 4, Sec-
tions 4.5.2, 4.5.3, 4.5.4.

D. Wozniak Dynamics of Quantum State: Phase-Space Approach
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Chapter 1

Beyond the wave function - quantum
mechanics of density matrix

1.1 Density matrix quantum mechanics

According to the fundamentals of quantum theory, every physical quantum system has an associated sep-
arable complex Hilbert spadeé(C) over the complex number eld, with a dimension speci ed by its na-

ture [177, 54]. The normalised elementstdf called state vectors, represent possible states of the sys-
tem [74, 169]. This mathematical construct is a fundamental concept that allows for a proper, and most
importantly validated by experiment, description of quantum physics. The simpli ed description of quan-
tum theory can be narrowed to considerations of statistically certain states that can be described in terms
of a single state vector. Equivalently, these states contain maximal information about the system. Statistical
certainty implies that, whenever an experiment is conducted with the same setup and the state of the system
is measured, the outcome is well de ned and certain [62].

Figure 1.1: A representation of a pure system. The bag represents a single realisation of the system being,
with some probability, in a stajé i. If such setups are repeated in nitely many times, and then each one is

measured independently, then for a pure quantum state with 100% certainty, the state of the system will be
i



1. Beyond the wave function - quantum mechanics of density matrix 6

This property does not encompass cases where there is a mixture of different quantum states. To consider
such states in quantum mechanics, one should extend the idea of a pure state, meaning the state describ-
able by a state vector, to include a statistical mixture of states. These are mixed states, which means that
they cannot be described by such a vector [15] or, equivalently, by conducting multiple copies of the same
experiment, the resulting state after measurement is different, but statistically describable in terms of prob-
ability of occurrence. In this picture, a pure state is represented as a simple projection dperatorh |
with the property®2 = P [138]. To introduce a concept of mixed state, let us assume that a quantum state
consists of different quantum statesi, each contributing with a weighw; > 0, which plays a role of
probability, such thatP i Wi = 1. Then an object that contains all the information about the system is the
density operator given by [79] X
A= wijoh e (1.1)

i
According to this formula, the density operator can be regarded as a convex combination of projection
operators on a given staje;i with associated projectors in the forlﬁwi = j ih jj. With this reasoning,
a pure quantum state is an element of the convex set that lies on its boundary. [9] This is equivalent to
describing the system as an ensemble of pure states, whare the probabilistic weights associated with

a given projection operator.

Figure 1.2: An analogous to Fig. 1.1 representation of a mixed system with equiprobable states. Each of the
bags is equivalent to a single realisation of the system in a quantumnj stat¢ »i, orj zi. If such setups

are repeated in nitely many times and measured, then the probability of occurrence of the selected state can
be obtained.

The properties of a density operator are inherited from its contributing projectors. Thus, the density operator
is a self-adjoint operatot = *, semi-positive de ned™ 0, with a trace equal to identitjr = 1 [80].

To complete this natural extension of pure state quantum mechanics, we notice that the time dependence
of the density operator is inherited directly from the time dependence of state vectors whose evolution is
subjected to the Schrédinger equation of evolution. Let us recall that at any time, for isolated quantum
systems, a state vectpr(t)i satis es the evolution equation [177]

d. A
i~ ®i=H"j )i; (1.2)

D. Wozniak Dynamics of Quantum State: Phase-Space Approach
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whereH is a Hamiltonian. Thus, for each time instartc@ R, , the state vectoj (t)i belongs to the
considered Hilbert space and describes the state of the system. Furthermore, the deterministic evolution of
the state vector from initial staje (0)i = j oi is given by a strongly continuous one-parameter group [11]

Ot) := e “Ht; (1.3)

where the Hamiltoniat? plays the role of generator of the dynamics. Let us now extend the concept of
time-dependence over the density operators. As previously stated, the properties of the density operator are
direct consequences of the characteristics of projection openﬁtpré'his allows for a natural extension
of the time evolution, namely(t) = ; w;ij i(t)h i(t)j, where for eacht 2 R, the expressiori(t) is
a valid density operator. As a result, the time evolution equation of the density operator, known as the von
Neumann equation, emerges g h i
0= Z R (1.4)
which is used to describe isolated quantum systems. At this point, let us clarify that for closed quantum
systems, where the Hamiltonian is explicitly time-depend@tt,(t) & 0, the time evolution operatd) (t)
has a similar but enhanced via the Dyson time-ordering operator for or, equivalently, is expressed through
the Dyson series [179], namely 5

O(t)= fe - oHOs, (1.5)
where the time-ordering operatbris de ned as [115]
8
SAt)B(t); ti>to

TIA(t)B (t2)] =
o CB(t)A(t); t2>tq:

(1.6)

For further counterparts, we focus on the statistical properties of observables, which can be deduced
from this formulation [128]. Assume tha#t is a self-adjoint operator acting on a system's Hilbert space

with spectral decompositioA = K A P«. Then, the average of this operator, understood as the average
result over many ensembles, is given by the following formula
h i
hAi :=Tr ~A ; 1.7)
in counterpart to
M= jei® WA n = jejfad® = jadad® (1.8)
n k;n k

and the state of the system, after the projective measurement of the eigespvasugiven by the following
density operator

/\! /\j — h j'l . (19)
in contrary to
= P (1.10)

Of course, we could consider a much more general measurement like positive operator valued measurement
(POVM), nevertheless the generalisation of the results from state vectors to density operators is natural.

D. Wozniak Dynamics of Quantum State: Phase-Space Approach
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Under the system's time evolution or after measuring the system, a question might arise whether the state
still behaves as a mixture or was puri ed to a single projector operator. To determine the purity of the state,
a simple theorem can be used [136]:

Theorem 1.1. Let ” be the density operator of the quantum system. Then the following statements are
equivalent:

a) The state of the system is pure;
b) N2 — N

c) Tr @ =1,

Simultaneously, this property de nes a parameter that can monitor the behaviour of the quantum system
under the time-evolution, notably the purity of the system, de ned as the trace of the square of the density
operator. Most importantly, the purity of the system is preserved under the time evolution of the isolated or
closed quantum system, as it is given by

At) = 0(t)~0)0Y(t); (1.11)

whereQ(t) is the previously de ned unitary evolution operator for an isolated quantum system. Then, by
the cyclicity property of the trace operation and the fact thé) 0Y(t) = 4, the purity is conserved. We can
restate the evolution formula for the density operator in terms of a superopératavhich has a form [93]:

At = T H20) = 0@)N0)0Y(t); t O (1.12)

This superoperator satis es a composition I§wmt){ s) = T t+ s) fort;s 0, preserves positivity,
hermicity and trace of the density operators [105], constituting to a semigroup of operators. In the case of
isolated or closed quantum systems, using the properties of the opg¢a}othis semigroug { t);t  0Og

can be extended to a group by introducing an inverse opefatdft) = T t). Such systems, where the
family of superoperator§ t) form a group, are called Hamiltonian systems [129].

1.2 Open quantum systems

The idea behind the construction of open quantum systems comes directly from the formulation of closed
systems. Through an open quantum system we shall understand a suliSystarnotal isolated system,
with a complementary systeBy, being the bath or the environment [122].

D. Wozniak Dynamics of Quantum State: Phase-Space Approach
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Figure 1.3: The diagram of an open quantum system. An open system interaction picture involves the in-
teraction between the environment and the open system, which is based on either mass exchange (curved
arrow between two different circles) or energy exchange (wave arrows). This interaction should be included
in the form of an interaction Hamiltonian that acts upon the tensor product space of both systems' spaces.

The total quantum system is treated as isolated; thus, its time evolution can be considered unitary. However,
the complexity of the total system resulting from the number of degrees of freedom greatly incapacitates
the precise analysis possibilities, as the degrees of freedom of the environment are usually signi cantly
greater tharl or even in nite. To address this problem, a sequence of approximations must be performed
to simplify the dynamics. In general, common justi cation, when investigating open quantum systems, is
the termination of memory effects, i.e. asking if the historical states (past) of the system should in uence
the present state (future). Still, the Markovianity property of the system cannot be directly translated from
classical to quantum theory, as it violates the Kolmogorov condition and is rather connected to the direction
of the ow of information, as stated in [23]. Let us start generally by considering a tensor product Hilbert
space of the total system

Hr=Hs H s (1.13)

whereH s represents the Hilbert space of the considered systerflanepresents the Hilbert space of the
states of the environment. The density matrix associated with the state of the total system must then satisfy
the von Neumann equation. We shall assume that the system is isolated. This leads to the equation of motion
in the form h ;
d i :

G TO= = AN (1.14)

where further, we will hold the following assumption on the form of the Hamiltonian
Hr=Hs 1+%1 Hs+gHi; (1.15)

with Hs; Hg governing the dynamics of the subsystems, Bndbeing the interaction term with coupling
constantg, and4 being the identity operator in respective spaces. To extract the open system dynamics
from the total density matrix, a partial trace is required, that is trace operation taken over the environment,
incorporating information about its in uence [24], namely

Ag(t) = Tr g Ar(1): (1.16)

Importantly, there is no a priori assumption tha{t) can be decomposed as a tensor product of two density
operators, as this would imply a lack of correlations between two systems. As by our assumption on the
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unitarity of the dynamics, the density operator of the total system evolves according to the formula
A )= 07 (0)0%(1) (1.17)

consequently giving a recipe for calculating the density operator of an open quantum system as follows
"s(t)=Tr s hO(t)AT (0)03’(0I (1.18)

that can be displayed on the simple diagram presented in Fig. 1.4

Figure 1.4: The diagram describing two approaches to evolution dynamics of open system'’s density operator
~s. The top path describes the straightforward calculation of the total density matrix &f threeprojecting

it, by tracing over the environment. The bottom path is more complying but the question of the existence of
such transformation must be posed.

Similarly to the discussion presented for isolated quantum systems, we are interested in the form and general
properties of the magl t) for allt 0, that transfers the initial state of the open systég{(Q), to the

state at time instartt 0. We expect that they originate from the physical restrictions imposed on the
mathematical apparatus to maintain the interpretation. As previously stated, the density operators are self-
adjoint, positive, and trace-class operators and so the'fngpmust preserve all those features at all times

t 0. It turns out that, apart from the semigroup property, th& i§{ s) = T t+ s) fort;s 0, the

map { t) must be completely positive [154]. Additionaly, the characteristics of the dynamics of the open
gquantum system are expected to strongly depend on the type of interaction with the environment, which,
in some cases, introduces memory effects. To exclude complex physical effects that might introduce past
dependency of the system, we assume that the Markovianity property is preserved, and thus, by [45] we
expect the interaction to be in the weak-coupling regime between the open system and the environment. All
these assumptions lead to the Gorini-Kossakowski-Saudarshan-Lindblad (GKSL or Lindblad) equation of
evolution for an open quantum system [72, 112]. The greatest achievement of these works is that the form of
the generator of the dynamical semigroup for the weakly coupled open quantum system derives directly from
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imposed mathematical restrictions. This, however, would not be possible if not for a celebrated Choi-Kraus
theorem on the decomposition of completely positive dynamical maps that preserve the trace of density

operator [107, 35], namely X
= oY, (1.19)

|
where¥; 2 B (H) are the bounded operators [cf. Appendix A], called Kraus operators, acting in the Hilbert
spaceH and satisfying the completeness relatiori1\’7i\’7iy = 41 In the context of quantum computation or
information theory, the superoperafdris called a quantum channel [128]. Then, by scrupulous reasoning,
the equation of motion for the density operator of an open quantum system is given in the form [25]
h [ X h i h [
d 1 1
a"s(t): T As; "s(t) + > ko Cens@); B+ O rs(EY (1.20)
k

which is the GKSL master equation. The operafdgsare known as quantum jump operators or Lindblad

operators. The operatdl generates the semigroup of dynamical operatdrs) : t  Og by the formal
exponentiation formula [157, 59]

ty= el (1.21)
or equivalently
" := lim M: (1.22)
t! o t

We shall calll” the Liouvillian operator in Lindblad form [3]. This operator might not be by itself a self-
adjoint operator, but it generates a dynamics that is consistent with physical expectations. As an example,
we may see that by the form of the Liouvillian operator in Lindblad form (1.20) the trace of the density
operator is preserved under its action.

At this point, it is worth noting that other superoperator techniques were developed to describe the
evolution of a given quantum system. If we relax the Markovianity condition, then the most general evolution
is given by the Nakajima-Zwanzig equation [193, 127, 143, 31] which describes the evolution of the relevant,
and complementary irrelevant, part of the quantum system. The relevant part of the total system provides
information about the dynamics of the open system. It is de ned using a projection operator as follows:

Pro=(Tre ) %B; (1.23)
and complementary, the irrelevant part de ned in term&edperator, as follows
Ar =( P)yry (1.24)

where g represents an initial state of the environment, which we will assume is normalised. Differenti-
ating both equations with respect to timjechanging to the interaction picture, and then performing some

manipulations [143] one arrives at the equation for the relevant part of the total system
d 21
a|-‘>AT(t) = K(ts)P~r(s)ds; (1.25)
0

There are two legacy approaches to the derivation of the GKSL equation, one for nite-dimensional Hilbert spaces and the
other for in nite-dimensional Hilbert spaces but with bounded generator [39].
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whereK is the memory kernel of the Nakajima-Zwanzig equation. Due to dependency of th& Siatt
timet on previous states via integral kernel, the equation describes the non-Markovian evolution, that is with
memory effects [63, 145]. Of course, this equation given certain assumptions, leads to the GKSL equation.
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Chapter 2

Quantum theory in phase-space formalism

2.1 Phase-space quantum theory- general information

A phase-space approach to quantum theory is one of many equivalent formulations of quanta [164]. It was
founded on key developments introduced gradually by H. Weyl, E. Wigner, H. Groenewold, and J. Moyal.
Their work initiated a new paradigm, in which the operator-based framework in the Hilbert space was re-
placed by a noncommutative algebra of real-valued functions de ned in phase space. The origins of this
formulation trace back to 1927 and then to 1932. It was in 1927 that H. Weyl discovered the correspondence
between dynamical quantities and linear Hermitian operators, formulated through a transformation that pre-
serves the probabilistic structure of quantum mechanics [181]. Five years later, E. Wigner introduced a spe-
cial type of function that changed the common view associated with the positivity of probability distribution
functions. By considering quantum corrections for thermodynamic equilibrium states Wigner discovered
a density function, which was notable for allowing negative values [182]. Subsequently, H. Groenewold
and J. Moyal independently made signi cant contributions to this framework, recognising the relationship
between the WDF, the density operator, and the Weyl transform. Their mutual work resulted in the con-
struction of the noncommutative algebra of real functions that were strictly connected to the well-known
quantum mechanics [76, 126].

Before we consider a rigorous description of the quantum phase space let us, by a simple example, dwell
on the idea of a probabilistic description of classical particles. Let us consider a classical particle moving
along a trajectoryx(t); p(t)) 2 R?, with the initial position and momentum given byo; po). In this case,
the probability density function (PDF) of nding this particle in phase space can be expressed as [102]:

P(x;p)/ (x Xx(t;xo;po)) (P p(t; Xo; Po));

which means that the particle is moving along a trajectory generated by the solution of the classical Hamilton
equations with a speci c initial conditio(xo; po). Equivalently, the probability of nding a particle in the

strip that contains its trajectory is equalwhereas apart from it it i6. This can be seen as a motion of a
point-centred probability distribution function along the phase-space trajectory of the system. On the other
hand, consider a scenario in which the particle might have a 50% chance of starting at a different point,
(Xo1; Po1) Or (Xo2; Po2), in the phase spateln this case, after repeating the setup in nitely many times and

!Assuming that it is not a point lying on the same trajectory as the previously chosen point

13
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measuring the particle's trajectory, we can express the probability density function as follows:

P(x;p)/ %(X X1(t;Xo1; Po1)) (P pl(t;X01;p01))+%(X X2(t;Xo02;P02)) (P P2(t; Xo2; Po2))

It is crucial to note that it does not imply the co-existence of a particle on two non-intersecting trajectories.
Rather, it encapsulates the randomness of a possible state of the system. We have already discussed such
cases in the previous chapter, where, instead of considering a pure quantum state, we extended the idea of
statistical certainty to allow for the coexistence of multiple constituent states in a single quantum system,
resulting in the density operator approach. Equipped with this idea, let us consider a quantum equivalent
of classical phase space. According to the axioms of quantum mechanics and the properties of canonical

operators, it is established that the canonical operafors xx andp = i~@, are not commensurable,
that is, they satisfy the canonical commutation relation in the form
R p]= i~ 2.1)

This relationship is governed by the Heisenberg uncertainty principle, which introduces a minimal vol-

should resemble the structure of the quantum phase space and the probability distributions de ned on it. As
the Heisenberg uncertainty principle forbids the simultaneous characterisation of position and momentum,
rather than considering points, one should consider minimal cells obeying Heisenberg's principle.

Figure 2.1: Pictorial difference between classical and quantum phase spaces. In classical space, the evolution
of a particle can be regarded as a movement®fadth probability distribution function along the particle's
trajectory. In the quantum phase space, the probability function with non-zero standard deviation evolves
over the minimal cells given by Heisenberg's uncertainty principle, and rather than trajectories, we are
presented with a statistical average.

The simplest aw of this approach is the choice of centres of such minimal cells, which implies some
privilege among points in the phase space. Also, this would require a transition from a continuous descrip-
tion of a quantum system to a countable one, siRéghase space can be covered by a countable union
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of squares. Additionally, as pointed out in Ref. [49], the minimal geometrical objects that simultaneously
satisfy the uncertainty relationship and have the symplectic group as their symmetry group are the quan-
tum blobs. These are ellipsoids strictly related to squeezed coherent states that can be obtained from the
phase-space ball through an af ne symplectic transformation. Nevertheless, the phase-space approach gives
the closest description of quantum mechanics that simultaneously resembles a classical structure. The gen-
eral characteristics of the quantum phase space~asgspace) were based on the idea that the quantum
structure, in the classical limit, has to become classical [104]. Let us recall that a complete description of a
classical system in terms of Hamiltonian mechanics req@iedements: a phase spade = R?" given by

a smooth manifold, an energy functibh: M! R and a symplectic 2-forrh [124, 125]. For the scope

of this work, we will assume tha?l = RZ?, then the classical phase space of the system with Hamiltonian

H (x; p;t) is equipped with Poisson bracket [168]

f f
ff(x;p);a(x;p)g = g)gx; p) ggx; 9)] ggx; 9)] géx; p): (2.2)

This allows for the description of the trajectories of the classical system via Hamilton equations

ax(t) = fx;Hxpg

2.3
dp(t) = fp;H(Xp;t)g: 23

Complementarily, let us turn our attention to the system described by some probability distribution function
(PDF), P(x;p;t), de ned on the phase space. The Liouville theorem says that along the trajectories of
the system, the PDP (x; p;t) is constant [6]. Consequently, the functiBrix; p;t) satis es the Liouville
equation

@F(x,p,t) = fH(x;p;t); P(x;p;t)g: (2.4)

The Liouville equation exempli es the conservation law of the PBX; p; t) during time evolution. These
elements constitute the statistical description of classical mechanics. To extend this structure suitably for
guantum mechanical theory in such a way that there exigmaothtransition, from quantum to classical
mechanics, one introduces the star product [88, 104]:

De nition 2.1. Let(M ;f ; g) be a Poisson manifold. A star prod®&tCt (M) Cct(M)! C! (M)
is de ned as
X4 n
f?29:= > Cn(f;9); (2.5)
k=0

whereC,, are bidifferential operators of ordarwith Co(f;g) = f g, C1(f;g) = ff; gg, satisfying

Ci(Ck(f;g9);h) = § Cj (f;Ck(g; h): (2.6)
j+k=n j+tk=n
The main advantage of this approach is that knowledge of classical mechanics allows for direct analysis in
guantum mechanics, thus there is no need to rephrase the interpretation of canonical variables. One of many
star products is the Moyal star product, or simply the Moyal product, de ned over canonical phase space,
whereM = R? as follows
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De nition 2.2 (Moyal product [61, 7]) Letf;g 2 C! (R?). The Moyal produc? : C! (R?) C! (R?)!
C! (R?) is given by

¢ a(x; p); (2.7)

where arrows over the derivative sign are understood as the direction in which it is acting.

=
2

f(x;p) 20(x;p) = f(x;p)e

This de nition can be used interchangeably, depending on the complexity of calculations, with the following
equivalent forms

f(x;p) ?29(x;p) = f X+'§~@;p %@ a(x; p)

i~ i~
f (x;p)g X 5@;p+ 5@ (2.8)
Z
=1 i)z e Sttt (€ ) g(x° p*ax Ux Upp”?
R

where functionS(x; x% x%p: p® p% is the signed area of a parallelogram in a phase space spanrg&d by

vectors:(x; p), (x% p9, (x%°p%, namely
1 1 1
SO xAxPp:p® p% =det x x° x: (2.9)
p o p%®

The most important property of such a de ned product is its limitds 0" . Let us notice that for any two
symbolsf; g one has

Proposition 2.1. For any two functions; g 2 C! (R?) such that theiP-product is well-de ned, the fol-
lowing limits, as~! 0", hold
(f?g)xip) !t (f 9)(xp); (2.10)
and
figg = ~[{?2g g2flxp!f figg (2.11)

wheref f; g g stands for the Poisson bracket of the functibrendg.

These are direct consequences of the de nition of2zh@roduct. Additionally, the phase-space approach
enables an operator-free description of quantum theory, which requires the use of classical functions to char-
acterise the quantum systems. However, there is an elegant way to connect these two descriptions through
the Weyl transformation [50, 64]

De nition 2.3. Leta 2 S(R?), andA : S(R) ! S(R), whereS(R") is the Schwartz space of rapidly
vanishing functions [cf. Appendix A]. The Weyl transform betweeandA is the correspondence de ned

as 7
Aiy)= 5= e Va S(x+y)p dp; (212)
~ R
£ i 1 1
ax;p)= e P x+Zy Ax Zy dy: (2.13)
. 2 2

We will denote that relationship a&/[A](x;p) = a(x;p). Both de nitions (2.2 and 2.3) constitute the
foundation of the deformation quantisation [17, 19].
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2.2 Weyl transform and Wigner function

As previously mentioned, the Weyl transform serves as a correspondence tool between operator-formulated
guantum mechanics and the phase-space approach. Let us provide some basic properties of the Weyl symbol
of the given operatord andB [42]

Corollary 2.1. Some commonly used properties of Weyl transfakm

[EEN

. Linearity:W[ A+ BJ(x;p)= WIAIx;p)+ WI[BI(X;p);
2. If &Y = A thenW[A](x;p) 2 R;

3. Product ruleW[AB](x; p) = (W[A] 2 W[B])(X; p);
h i n o]
4. Commutator representatiott  L[A; B] = WI[A](x; p); WI[B1(; p) g
These properties give a helpful correspondence relationship between phase-space observables (symbols)
and operator observables de ned on the Hilbert space associated with our system. Finally, we can provide
the phase-space equivalent of the carrier of the information, the density operator [50, 180] :

De nition 2.4 (Wigner function) A Wigner function of the quantum system is a real-valued quasi-
probability distribution function de ned over the quantum phase space, with well-de ned marginal dis-

tributions, and is given by the rescaled Weyl transform of the density operator, namely
z

%x; p;t) ;= 2—1~ X + %y Nt) x %y e i:pydy: (2.14)
R

It is worth mentioning that there are de nitions of the Wigner function for any underlying deformed geom-
etry that can be introduced by a group-theoretical approach [4, 50].

Corollary 2.2. The equation of motion for an isolated or closed quantum system in a phase-space represen-
tation is given by the equation in the form [37]

@%x; p;t) + %p@%x; p;t) f U(x;t); %x;p;t)g, =0: (2.15)

Applying the property (2.10) of the star product to the equation of motion, we arrive at the soatafisidal
limit of the equatiof That is, at~! 0", the equation resembles the Liouville equation for the classical
PDFs de ned over the phase space, namely

@ (P + P@PIPIY  @IU(GHI@P (X pit) = O: (216

and can be solved using the method of characteristics [60]. The overall volume of the phase-space PDF
remains invariant during the time evolution. In other words, the PDF is constant along the trajectories of the
classical system. Generally, when considering such a limit, one should not forget absutiygendency

’There are some different understandings behind the term classical limit. In this context, we will use the similarity of the
mathematical formalism between quantum and classical phase spate &5 .
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of the WDF. Naively, the limit4x;p;t) !  (p)j (x;t)j? is maintained as- ! 0*, unless the implicit
dependence of the wave functionon ~ is considered. Otherwise, the nal form of this expression is an
asymptotic exponential function multiplied by an energy-limiting Dirac delta distribution, as thoroughly
derived in [151]. Last but not least, we would like to revisit the eigenproblem posed in wave function
guantum theory in terms of the phase-space approach, leading to full equivalence between them. Recall that
an eigenproblem for the Hamiltonidh = p2=(2m) + U(R) is posed as

Hji=Eji; (2.17)

which in position representation takes the form of the second-order partial differential equation [15]

2 42

s (UK ()=E (x); (2.18)
where (x) = hxj i isthe wave function of the systeis, is interpreted as the energy of the system. On the
basic level, it appears as a result of the application of separation of variables to the time-dependent problem,
with the assumption that the time-dependent wave function is a product of the spatial fun¢tioand
some time-dependent functior(t). Similar methods can be used in phase-space quantum mechanics to
deduce the phase-space eigenproblem. The Wigner eigenfunction to the eigéntialsiéo be the solution
to the following pair of equations [70, 69, 37]

8

S H(x;p) 2 %x; p) = E%X; p);

. (2.19)
" %x;p) ?H(X; p) = E%X;p);

whereH (x; p) is the Weyl symbol of the Hamiltoniai . For the purpose of the discussion, let us assume
that the eigenvalues of the Hamiltonigh form a discrete set(H) = fEngn2n and are nondegenerate.
Then, according to the de nition 2.4, the solution to Eqg. (2.19) is given by [70]

z

%am (X; p) = 2—l~ n X+%y m X %y e *PVdy; (2.20)
R

called the cross-Wigner function [50], to the eigenveaidg = E, En. It implies that a general, time-
dependent WDF can be expanded into coherent and incoherent part [70]

X X |
%x;p;t) = Can%n(X;P) + chme -En Emltog (x;p): (2.21)
n nym
ném

where off-diagonal terms are withholding the information about energy exchange between the modes of the
evolving system. Additionally, applying the secular approximation [116], we may conclude that in the limit
t! +1 theincoherentterms average out to zero, thus

X
t!IiTl %x; p;t) = Cnn %An (X; P): (2.22)

n

meaning that the system decohered to the stationary state.
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2.3 Phase-space approach to open quantum systems

As discussed in the previous chapter, the evolution of an open quantum system is modeled by simplifying
the dynamics of the total system through various approximations. So far, the phase-space quasiprobabil-
ity distribution function formalism has been developed for a single, isolated, or closed system, where the
independent variables relate only to that closed system. In this chapter, we will explore the properties of
the Weyl transform in product spaces, which will allow us to derive the GKSL equation based on the as-
sumptions made previously. Starting with the general properties of the WDF resulting from its de nition,
we can state that it is a real, bounded function with correctly de ned marginal distributions, which provides
an equivalent to the density operator quantum mechanics statistical description of the quantum system.
The Stratonovich-Weyl (S-W) correspondence provides a powerful generalisation of the Weyl transform,
offering a more meaningful connection between quantum operators and the phase-space functions [175].
At its core, this approach de nes a quantisation operator that elegantly captures the geometric structure of
the system, making it a versatile tool for various applications. We shall now de ne the Stratonovich-Weyl
correspondence, according to Refs [163, 147, 170]

De nition 2.5. Let A; A1; A, be operators acting on Hilbert spate A 3-tuple (H;M ;) constitutes
Stratonovich-Weyl (S-W) correspondence, whéreM 3 M ! T M) 2 B(H) is the S-W kernel and
M is the phase space of the considered system with a phase-space vector gheriflilie following
conditions are satis ed

1. The mapping de ned as h i
WIAIM) :=Tr AT M) (2.23)

exists, is linear and invertible;
2. If A is hermitian then the functiow [A](M ) is real valued;

3. The trace of an operatdt is equal to the integral of the functia/[A](M ) in the phase space
Z
WIAIM)dM =Tr A (2.24)
M

R
and ,, T M)am = %;
4. The following product rule holds

Z h i
WIALJ(MWIAJ(M)AM =Tr A4, ; (2.25)
M

5. The covariance condition holds
W[OYAO(M) = WIAIT(M)); (2.26)

where0 is a unitary transformationarii: M3 M ! T(M) 2 M is a transformation associated
with 0, acting on the phase space.
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Thus, the S-W correspondence is a one-to-one correspondence between operators and functions de ned
over a space with classical meaning. These conditions generate the WDF of the quantum system with any
underlying geometry and allow for equivalent statistical interpretation. It should be noted that there is no
mention of &?-product. However, théth condition gives a basis for the uniqueness of an algebra of functions

de ned over phase space [26]. We can de n@ aproduct through the following integral relation [66]

27 h i
(f?9)(M) = LT TMTMDT M) f(M1)g(M2)dMdM; (2.27)

which, in general, is non-commutative, and reduces to a common product of two functions when considered

under the integral sign
z z
(f?g)(M)dM = (f g(M)d™m: (2.28)
M M

An observant reader will notice that we have reached the same formalism as previously introduced: the non-
commutative calculus of real functions, represented as appropriate symbols of operators. This generalisation
of the Weyl correspondence requires us to nd an opergtd ) whose form depends on the underlying

Lie symmetry group [66]. As a skimmed example, we may consider a at sphce R? representing

a phase space with position and momentum coordinMes; ( X; p), where the Lie symmetry group is

given by the Heisenberg-Weyl group and is associated with standard commutation rules for position and
momentum [183, 64]. By the detailed calculations that can be foundi.e. in[174, 223], khe has the form

given by a displaced parity operator [48, 144, 71], leading to the original de nition of the WDF [4].

We have now obtained a powerful tool for building a WDF for any quantum system, regarding the
underlying geometry of the system. Turning our attention to open quantum systems, an open system is, by
general de nition, a subsystem of a total system that includes the environment (or a bath) and the system
in question, as explained in Sec. 1.2. Let us assume that the phase space of the total system is the at
spaceR?*2N where the constituent phase spad®sandR?\ , correspond to the phase space of the one-
dimensional open system and the phase space df tdéanensional environment, respectively. This setup
is equivalent to considering a tensor product Hilbert space composed df 4wpaces oveR andRN,
by (1.13). We can now apply the S-W correspondence for such systems by treating a WDF of the total
systen as a starting point. Let us de ne a WDF of the total system as

h i
% (Q:K;t)y:=Tr Nt)T Q:K) ; (2.29)

where(Q;K ) = (x; X ;p;P) 2 R#*2N are position and momentum coordinates of the total system. These
consist of the coordinatgs; p) 2 R? corresponding to the open system, &Kd; P ) 2 RN corresponding

to the environment. We will treat the total systdiras an isolated system and thus it obeys the equation of
motion

@4 (Q;K)= fH7(Q;K); % (Q;K)g,, ; (2.30)
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whereH 1 (Q; K ) is the symbol of total the Hamiltonian. The form of the star procin total, at space,
for two smooth function#\; B : RZ*2N | C, is given by

X i~ "1 X
lim - =
N1 2 n!

n=0 k=0

A(Q:K)e? "eTr TKTe B(Q:iK):

A(Q;K) 2?7 B(Q;P) rog A rp B (D rkA r§B

(2.31)

We also de ne the star product for constituent subsystems: the open sgstachthe batlB , in the follow-
ing way

As(xp)e? @@ 8@ g (o). (2.32)

As(x;p) ?s Bs(x;p)
Ag(X;P) 7 Bg(X;P)

. ! !
Ag(X ;P)ez "X'P TPIX Bo(x . .p); (2.33)

whereAs; Bs; Ag; Bg are smooth functions de ned over associated subsystems.
We are strictly interested in the evolution of the open sys&rmio extract valuable information from the
total WDF% ( ; ;t), we calculate its marginal distribution taken with respect to the environment variables,
that is 7 7

% (x;p;t) = : % (Q;K ;t)dX dP = : % (x; X ;p;P;t)dX dP: (2.34)

This has been proven to be a valid approach for de ning an information medium for any open quantum
system [51]. To further simplify the equation of motion for the open system, let us consider a total system's
Hamiltonian symbol given as a sum of three elements: the Hamiltonians of the open system, of the bath, and
the interaction term, which is precisely a symbol of (1.15), namely,

X
Hr(QiK) = Hs(xp)+ Ha(X P)+  «g§(x;p) ?r g (X ;P); (2.35)
k
then the evolution of the open system is governed by the following Master equation
X n h i o]
@%(x;p;t) = fTHs(X;p); %(X;p;t) g, + k OS(:P)E gkixipit %(x;p;t) , o (2.36)
K ‘S
whereE ggjx; p;t is the conditional expected value of theh bath interaction term, namely
h i Z
E X;p;t = ———
LGP % (X p;t) B

stripped of its physical meaning due to the possibility of a negative value of the total WDF. Apart from

s (X ;P)% (X; X ;p;P;t)dX dP: (2.37)

dubious interpretation, the Eq. (2.36) gives no less and no more information than the initial problem, keeping
further analysis at undesirably high complexity. To simplify the dynamics of the open quantum system,
a Born-Markov approximation is usually invoked, leading to GKSL equation [cf. Chapter 4]. In Wigner
formalism it is read as

i X
@Y% (t) = fHs; %(1)g+ |§ k (FLk ?%(t); L9, + fLk; %(t) ?Ly00): (2.38)
k

Variable dependency was omitted to keep the equation graphically appealing.
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Chapter 3

Split operator approach to numerical
solution of evolution equations

3.1 Evolution type PDE

Undoubtedly, physicists thrive to describe reality in terms of mathematical structures and equations.
Throughout history, many phenomena have been described meticulously, and humanity has been provided
with mathematical tools to predict the behaviour of many complex systems. Examples of such systems can
be seen in every scienti c area: a heat equation that encapsulates the behaviour of heat distribution within the
medium; or the Navier-Stokes equation that provides insights within the uid dynamics; Schrddinger equa-
tion providing us with a description of the evolution of the amplitude of probability in quantum mechanics.
What all these equations have in common is their dependence oh.time

De nition 3.1. We say that a partial differential equation for functior2 C"(RK*1) is of the evolution
type if it can be written in the form [22, 113]

@u = F(t; x;Dxu;DZ,u;::1; D] 'u; DIu); (3.1)

whereF is some function, an® ', is the multi-index notation for a partial derivative of the order2 N
of variablesx andt.

This de nition is comprehensive, as it encapsulates nearly all time-dependent equations of classical and
qguantum physics and is dif cult to work with if one is interested in peculiar properties of such systems.
Simultaneously, in the literature, one may nd that the de nition of evolution equation contains only rst-
order time derivative, thus we would say that

De nition 3.2. A partial differential equation for function 2 C"(RK*1) is of the evolution type [131, 130]
if it can be written as
@u = F(t;x;Dyu;D2u;:::;D? u;Du); (3.2)

for some functiorF, andD}" is them th order multi-index derivative with respect to the spatial variable
X.
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The latter de nition of the evolution equation will be the focus of our attention. More importantly, we
will also consider cases whefe(:) is not explicitly time dependent@F = 0, which we will call the
time-autonomous partial differential evolution equation [82]. With suitable assumptions, we shall now
rewrite (3.2) in the following operator form

@u = LCu; (3.3)

wherel” is an operator which, under certain assumptions [87] can be treated as a generator of a dynamical
semigroup, namely [46]

(3.4)

with u taken so that the limit on the right-hand side exists 4nt) being the aforementioned dynamical
semigroup associated witf, as this is one-to-one correspondence [152, 99]. With this setup, any solution
to the Cauchy problem with the initial conditiarfx; 0) = ug(x), can be written as [100, 83, 171]

u(x;t) = ¢ Hue(x) = tug(x): (3.5)

Complementarily, if the initial problem was posed as a non-homogeneous, that is

@Qu=LCu+f; (3.6)
thenu( ;t) can be expressed via the formula [99]
VA t
u(x;t) = e“tug(x)+ s UL (x;s)ds: (3.7)
0

The exponential functiorexp L't , is understood as the series expansion of the exponent, in the case of
a bounded”. However, if” is unbounded, then the exponential operator should be treated carefully via
resolvent techniques (see [98, 87]). Many equations of mathematical physics, including quantum as well as
classical ones, can be written in forms given by Egs. (3.3) and (3.6). Nonetheless, we are interested in linear
equations, that is, for any two functions, u, and constants  we have the following property

Plui+ uyl= Lur+ LCuy (3.8)

As a formal solution, the expression given by Eqn. (3.3) is direct and compact in its form. However, there
are only a few cases where such an expression can be calculated analytically, unproportionally less than the
number of interesting cases where the solution is desirable. In particular in quantum mechanict, when

is given by the sum of two operators: the kinetic energy opeffi(@) and the potential energy operator

¥ (%), the formula for time evolution might be too complicated to write down explicitly. An even more
complicated case arises wh@ & 0 or, equivalently” = L(t) is a time-dependent generator, leading

to non-autonomous problem. Physically, in quantum mechanics, those can be associated in with oscillatory
potentials [160, 89, 96] or moving barriers [32, 34] in particular cases laying the foundation of computational
tools [150].

Recall an integral representation of Eq. (3.3)
z t
u(x;t) = up(x)+  L(s)u(x;s)ds: (3.9)
0
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By repetitive substitution, we arrive at the time-ordered expression
Ri A
u(x;t) = Teo®dsy(x): (3.10)

whereT is Dyson's time-ordering operator [57]. Yet again, we obtained a formal expression for a solution
to the Cauchy problem; still, no explicit formula can be written down to provide us with the information
about the solution to the equation of motion. In the upcoming section, we will discuss the idea of nding
the approximate expression for the solution of the Cauchy problem where the dynamics is given by the
exponential operator, as in (3.5) or (3.10).

3.2 Splitting method

In the previous section, we discussed the notion of the evolution equation. Their main advantage lies in
the compact form of the formal solution to the Cauchy initial problem. In physics, many problems are
concentrated around the dynamics generated by the sum of two opefafdrsAs previously mentioned,

in quantum mechanics, in the Schrédinger equation, the total Hamiltéhiangiven by the sum of two
operators: the kinetic pa& = p?=(2m), and the potential part associated with the potential enBrgy

0(&). With no explicit time dependence in the Hamiltonian, @73 = 0, the naive solution to the evolution

initial value problem can be given by

u(x;t) = e Blyg(x) = eheBug(x): (3.11)

However, the last equality does not hold for kinetic and potential operators, and more importantly for general
operatorsA, B, and is only true provided th&f; B] = 0. This idea of direct splitting of the exponent of

the sum to the product of two exponents is known as Lie-Trotter splitting [132, 166]. It e&sas two
independent dynamic generators, at all tirhes 0. It allows us to reconstruct the dynamics of the system

by sequential composition of the dynamics generated andB independently, as exponential operators
(see graphics below).

Figure 3.1: A visual explanation of Lie-Trotter approximation. The vector eld can be associated with a
generator of the dynamid§ + B whereas its action on the given functiog(x) is depicted in the inset. In

the Lie-Trotter approximation, the dynamics can be decomposed as a product of two shifts, one along the
vertical and the other along the horizontal axis, associated with opeftmsB respectively.
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The order of error we conduct under such a transformation is of the second power of the time step,
namely [52]

A Byo(x) = efeBug(x) + O(t?); (3.12)

whereO(t?) means that the error is no greater than2krel power oft. For higher accuracy of the solution,
we might apply Strang approximation that reads [132, 162]

u(x;t) = erReBesfug(x) + O(td): (3.13)

Whether such a formula exists for any order of accuracy we desire is a valid question, which fortunately has
already been answered. The rst, and most reasonable answer to this question can be given by undermining
the usefulness of such approximation. For numerical computations, exponentiation is a costly transformation
that will ultimately prevail over the solution's accuracy. The second and formal answer is given by the non-
existence theorem [166]

Theorem 3.1. (Suzuki nonexistence theorem) For noncommutative operAidsthere is no decomposi-
tion of the form
g(A+B) = ghhgleB ... gt Ay ggm+1y. (3.14)

with all positivet; and niteM form 3.

For proof see Ref. [166].
An example of a decomposition that achieves a higher order of accuracy and is compliant with the Suzuki
theorem is the Chin approximation. It is the fourth order approximation given by the following formula [33]

u(x;t) = eshesBeiWezBeshug(x) + O(t9); (3.15)

whereW = A + t2=(48)[A; [B; A]]. Noticeable is the fact that this decomposition is not given purely by
exponential operators & andB, but includes the nested commutator expresfarGenerally, the splitting
coef cients are determined by applying the Baker-Campbell-Hausdorff (BCH) formula [7] and its inverse,
the Zassenhaus formula [114], along with a Taylor expansion to match the expansion coef cients up to the
desired precisioh For the error analysis of the approximations presented here see Ref. [44].

Within the rst sections of this work, we will assume that the gener&tof the dynamics of the system
in interest is, rst and foremost, time-independe@’ = 0, and given as the sum of a function of only
variablex, hereV (x), and a polynomial expressio (x; p; Q; @)

L= W(xp;@; @)+ V(x); (3.16)

whereW 2 CJ[x1; X2; X3; X4] is the polynomial of four variables with complex coef cients. In such cases,

the unitary equivalence relation between the position and momentum operators enables us, numerically,
to implement the split-operator scheme without the need to approximate the derivative operator with a
difference scheme. To see this, let us rst recall the de nition of the unitary equivalence [134]

!BCH and Zassenahus formula will be provided further within the thesis.
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De nition 3.3. LetA, B, be two operators. We say tHatis unitarily equivalent td if there exists a unitary
transformatior) such that

B = 0A0Y; (3.17)
where)Y is the adjoint of operatdd, and the equality sign is understood in the operator sense.

Then, in the sense of the previous de nition, the multiplication and derivation operators are unitarily equiv-
alent via the Fourier transform. We shall use the follé)wing convention for Fourier transform [153, 139]

Fixi %X p;t) = p;— e =X ofx; p;t)dx; (3.18)
1 z i
Fl;lg LApt) = P? Rejx%;p;t)d; (3.19)
VA
Fop y%X;pit) = p;— e -PYogx; p; t)dp; (3.20)
1 i
Fagi pH6Yi0D= Po= e Poxy;0)dy: (3.21)
~ R
Then, the unitary equivalence can be read as follows [138, 149]
i i
Fi. 1! x« Fixi = :@; Fz;ylg pyFZ;p! y = :@; (3.22)

mostly known as a property of the Fourier transform. This implies a natural association between variables:
x; andp;y hereafter referred to as Fourier conjugated or simply conjugated variables. Thus, by (3.22), we
can substitute every occurrence of the derivative operator with the conjugated variable and vice versa, pro-
vided that we transform the total expression through this equivalence, namely for any polyldmiak,)

the following equality holds

K(@: @)= Fayi oFr.hy yKGY)F1xa Fapr (3.23)

Now, the expression "sandwiched" between Fourier transform is simply a polynomial expression of two
variables ;y , instead of a polynomial of derivatives, allowing for further numerical manipulations and
calculations.

Further within the work we will obtain the time-dependent generator as a result of algebraic manip-
ulations performed. If we want to extend the splitting algorithm on time-dependent operators, as desired,
we shall recall the following key result by Suzuki [167]: a time-ordered exponential operator (3.10) can be

reformulated in terms of the ordinary exponential operator as follows
Z, h

|
Texp i L[(s)ds =exp L)+ D t ; (3.24)
0

where the operat@xp D is de ned via the formulae
AMEP B(t)= A+ )B(): (3.25)

In simple termsp is equivalent to the time-derivative operator acting on the left expredSion @,
leading to the time-shift operator de nition for the exponentialbf This equivalence between the time-
ordered exponential and the time-derivative formulation signi cantly simpli es the numerical algorithm,
particularly when the analytic form of the potent\(x;t) is known. Further, within this work, we show
the application of this identity in the case of a time-dependent potential.
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Chapter 4

Results

4.1 Microscopic derivation of the GKSL equation in the phase space

The result presented here can be achieved via W-S correspondence used in the context of the microscopic
derivation of the GKSL equation for the density operator [24]. Let us consider a total systensisting of

an open syster8 and an environmerR, just as stated in Sec. 2.3 with the same Hamiltonian symbol (2.35).

We already know that the WDF for the total systéfnQ; K ;t) obeys the Moyal equation (2.30) and the

open system's WDF is related to the total system WDF via the integration over the bath coordinates (2.34).
To unveil the real form of open system dynamics, we start with the initial equation of an isolated total
system, but written in the interaction picture, that is, any synfibale ned over quantum phase space is
transformed to the interaction representation via the interaction picture

F(Q:Kt)! F'(Q;K t)= e-Hs*He)lop(Q;K ;1) 2e H(Hs*Hs)t. (4.1)
Then, the dynamics of the total quantum system can be rewritten as
@A (Q;K ;)= HI(QK ;1) %(Q:K;t) ,; (4.2)

from now on the uppelr index, standing for interaction picture, will be omitted.
Integrating the Eq. (4.2) once, with respect to timthen inserting it back into the initial equation (4.2) and
lastly integrating the result with respect to the bath variablesP ), we arrive at the equation of motion

for the open system
Z
@%(x;p;t)=  TH(Q;K ;1);%(Q;K ;0)g,dX dP
z°z, (4.3)
+ fH (Q;K ;1);fH| (Q;K ;s); % (Q;K ;s)g,9,ds dX dP ;
B 0

but still containing the dependence on the state of the total system. From now on, some assumptions must
be introduced to simplify the equation of evolution. Firstly, without an in-depth explanation, which we will

provide later, we shall assume that
z
fHI(Q:K ;1); % (Q;K ;0)g,dX dP =0: (4.4)
B
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This yields the new equation
z z,

@nx; p;t) = fH (Q;K;1);TH(Q:K ;s);% (Q:K ;5)g,9,ds dX dP: (4.5)
B O

To exclude the dependency on the state of the total system we introduce Born approximation [24]
% (Q;K ;t) %(x;p;t) % (X ;P), where the state of the environme¥t is stationary. Now, the

equation in question can be summarised as
Z Z
t

@%x; p;t) = fH (Q; K t);fH(Q;K ;8);%(X;p;s) % (X;P)g,g,dsdX dP; (4.6)
B O

whereas the previous assumption (4.4), after recalling the form of the interaction Hamiltonian (2.35) and
substituting the separated WDF for the total system, now reads
<o (1)if g§(x; p; 1); % (x; i t)g = 0; 4.7
k
implying that the average environmental disturbance that comes from the interaction with the open system
B (t)i is nullied. To nish this part of algebraic manipulations, we impose the Markov approximation [24,
122], that is, we assume that the Wigner function at tini® independent of its previous states, at times

0 <t , which gives
z z,
@Y% (x;p;t) = fH (Q;K ;t);fH (Q;K ;s); % (x;p;t) % (X;P)g,0,dsdX dP:  (4.8)
B O

Simultaneously, we assume the vanishing of the integrand in long-time scales, allowing us to substitute,

after the change of variables= t  u, the integration limit to in nity, thatist ! +1 , leading to

1
@%(x;p;t) = fHI(Q: K1) fHI(Q: Kt u);%(x;p;it) % (X ;P)g,g,dsdX dP: (4.9)
B O

For next steps, we introduce a new family of operafoigqx; p;! )a de ned via projectors of the Hamil-
tonianH s, with the assumption of a discrete spectrum, namely

X
Koop;!) = (%P;"m) 25 P) 2 ( X p;"n): (4.10)

n nm:!

The operatorq X;p;"k) can be seen as the Weyl symbols of the projection opel?a,;annto the eigenspace
associated with th&, eigenvalue of the Hamiltoniald s. To see it, we shall notice that= K ls--k is the
identity operator given by the completeness relation, which allows us to rewrite each ofeestor

X
A= P_AP. : (4.11)

nm

As we are working with double summation, we shall conduct it over all possible differences between the

eigenvalue$, m = ~!, the angular frequencies, leading to

£=" " B Ap.. (4.12)

| " [LI—
: n m=":

This trick allows us to rephrase tlgé(x; p) interaction term as follows
X X X
os(xp)=  as(xp;!)= (%P;"m) 20GP) 2 ( X P;"n): (4.13)

.
! L "0 "m=!

The operatorqg(x; p;! ) satisfy the following relations:
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« they are the eigenoperatbrsf superoperatoiHs; g:

fHs;Sk(!)g= i!iqg(! ); (4.14)

!
fHs;S(!)g= iiog (); (4.15)
* they are preserved, up to a phase factor, by a unitary evolution of sg@stem

e S of(t); (4.16)
etk (1); (4.17)

eHst2g(1) 2e Hst

eHsto gk (1) 2e tHst

« they are parity-reversal symmetric with respect to the frequéncy
K ¢ 1Yy= oK(1)-
g ()= as(t): (4.18)

One can now rephrase the time-dependent interaction Hamiltonian symbol with the help of the properties
above

Hi(t)

i X i X i
er(HstHe)to™  k(1)gh 2e “(HstHedt= " o Nt k(1) (1)
Kol k;!

e (4.19)
et (1)gk (1):

k;!

To keep the equations more transparent, we omit the dependency upon variables connected to the degrees of
freedom, both for open systems and baths. Introducing new operators allows us to rewrite the equation for
the Wigner function in the following manner

X X z 2z 1 i i
@%(x;p;t) = Kjete W
k! B 0
n n _ 0O
& (g8 (0 &()gs(t ;%% (X;P)  dudxdP
X X » o
- ettt )
f’l z .n n . 00
el o (1)gs (1) ds()gs(t u)%0Gp;)% (X ;P) dX dP du:
0 B ? ?

(4.20)

Furthermore, conducting necessary manipulations of the integrated expression is required to simplify the
form of the equation. We start with the expansion of the inner and outer Moyal brackets, leading to

= (1) 2d5( ) ?%0pit)gk ()2dh(t u)?2%(X;:P)
& (1)?%(xpit) 2d5( gk () 2% (X:P)?2dy(t u)
() ?%06pit) 2 (1ah(t u)?2%(X:P)2ds (1)
+%apt) 2d5( ) 2k ()% (X;P)2d5(t u)2ds (1):

1The term eigenoperator was used e.g. in Ref. [68], as a natural generalisation of eigenfunction to the language of superoperators.

(4.21)
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Now integrating this expression with respect to bath degrees of freédar® ) gives
D , Eh _ . i
0= Dgé (1) 2 g5 (t u)Ehoé (1) ?2d5()?2%0pt)  as()?%(pt) 2 (1)

. _ o (4.22)
gt w2 M) BHxpY () ?2d (1) & ()%t ?2d()
Including the integration with respect tg and preceding the exponential expression one gets
h _ _ i
190= () o (1) 2d()2%pit)  ds()?2%xpit) 26 (1)
h , o (4.23)
g () WP 2ck( )2 (1) o (1) ?29%xpit) ?65()
resulting in
X X : n _ 0
@%x; p;t) = kel ) () o (1)as() 2% pit)
k! oi N | o (4.24)
+ () %Pty 2d5( )k (1)
where Z, D E
k()= . g- U oK (t)?g’é(t u) du; (4.25)

is the one-sided Fourier transform of the autocorrelation function. Assuming that only resonart terms

contribute to the dynamics, as they average out, known as secular approximation [24, 116], leads to
X X n . o]
@%(x;p;t) = ki k() A (1)as(t) ?%xpt)
bk n _ o (4.26)
() %Pt 2d5(1)id (1)

Lastly, to excavate the nal form of the equation of motion, the following decomposition;df ) must be
imposed: (! ) = K (!)=2+ isi (! ). This, after long, nontrivial, tedious manipulations, led to

n (0]
@%(x;p;t) = H(X;p); %(x;p;t) <t D(%(x;p;t)); (4.27)
where N .
H (x; p) = kS (1) 2a(1); (4.28)
Pk
and
i X X ‘ n . O
DO=5  «iwW() &) &)
; X X . 1 | . (4.29)
= 5 G(1) as()?02d (1) Sfd (1) 2as(t); o)
ok

As a result, we obtained the GKSL equation in the phase space by microscopic derivation. However, as
mostly stated in the literature, an algebraically appealing form of the equation was provided in Eq. (2.38).
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4.2 Splitting of the exponential expression describing the model

The results of the presented thesis are anchored by the Wigner-Lindblad equation for a Weyl symbol of a
single linear Lindblad operatdry = L(x; p), given by

L(x;p)= ax+ bp; a;b2 C: (4.30)

This form leads to the following equation of motion for the WDF for an open quantum system, with an
initial condition at timet = 0
: @ = 2@% V)%t [ Q0%+ @P%+ 3D @ %t 3Dp@ % D@ %;
%t=0) = %;
(4.31)
where coef cients present within the equation are related to initial quanétieby the following relation:

Dy = jajz; Dpp = juz;

(4.32)
Dxp Re(a b); = Im(a b):

This Liouvillian operator, with Lindblad operators taken as the linear combination of position and momen-
tum operators, leads to the dynamics of the system subjected to the decoherence and dissipation effects.
However, this approach does not embed the simplest example of an open quantum system, that is, Brow-
nian particle dynamics, because its dynamics is not completely positive [24, 119, 95]. To include it in our
approach, we would like to reduce some of the requirements posed on the coef cients of the Eq. (4.31), so
that a Brownian motion for high temperatures can be reconstructed from our model [109, 94]. Consider the
following dynamics generator

Cs = fH(X;p); g2+ @(p())+ D@, (4.33)

which generates the motion of a quantum Brownian particle. Our model (4.31) does not allow for manipula-
tion of constants ; Dyy ; Dxp; D pp Which keeps the complete positivity of the evolution and simultaneously
reproduces the case of Brownian particle for certain values of the parameters given. With that in mind, we
focus our attention to the scaling part, namely:

S=[@x()+ @PO)= @x()N+ @r();

and assume that constants connected tatfescaling ang-rescaling are independent of each other allow-
ing us to rewrite this expression as

S= x@x()+ p@P()); (4.34)

where we have introduced new constan{sand . Separating the in uences of spatial and momentum
scaling allows for broader analysis of the dynamics. This introduction of the modi ed operator gives the
following dynamics generator

N

L= %@+ fV(x); g2+ x@(x())+ p@(p())+ :*ZLDxx@p+ %Dpp@x Dup@,:  (4.35)
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The dynamics given by such operator cannot be solved analytically udledsis polynomial of at most
2nd order. To prepare for the numerical analysis of this equation we de ne the following set of operators:
the closed dynamics operators

V =fvx) g T = 2@ (4.36)
the scaling operators
é1 = xt p §2 = xXQ; é3 = P@; (4.37)
and the second-order operators
é1 = %Dxx@p; éz = %Dpp@x G3 = Dxp@p; (4.38)

whereG; can be seen as a decoherence operator [191, $90§,a diffusion operator [60, 142] whereas the
mixed derivative operatdBs can be seen as a measure of correlation betvpegy) or inseparability. The
operator”, for the potential in the form of a polynomial of at most 2nd order, has the following properties:

« the initial value problem with initial conditiofx; p; 0) = %(X; p) is exactly solvable,
« if 9%(x; p) is a Gaussian function, théfx; p;t) is Gaussian fot 0,

for both results see Appendix B.

The commutation relations between the previously de ned operators are the clue to derive, in some cases
exact, formulas which allow to calculate the exponential of the opetatdihus, for the set of operators
f1:81; G5; G3; 81 Sy; 839 the commutation relation between them is presented in the Tab. 4.1.

Table 4.1: Commutation relation table for set of operators considered. The potential energy dbevator
omitted due to its general form.

# 1T Gy Gy Gs 8 S S
f lo Ap=G o Zp® 0o T o
(e 0 0 0 0 0 2,6;
(e 0 0 0 246, 0
Gs 0 0 «Gs G
S 0 0 0
S, 0 0
Ss

Due to the property of a commutatdA; B] [B; A], it is sufcient to Il only the overdiagonal (or

underdiagonal) part of the table. For further analysis, we introduce the following notation

G= é‘l + éz + é3§
§=86,+5;; (4.39)
~ e s
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Substituting just-introduced operators to the dynamics generator yields the following operator
C=v+"™ G (4.40)

and with that we can write a formal solution to the Wigner-Lindblad equation, for given initial condition
%(x; p), namely
%x;pit) = €0 p) = €7 Cog(x; p): (4.41)

As mentioned in the previous chapter, the exponential operator of a sum does not factorise to independent
exponentials, unless the underlying operators commute. We will show that there exists a direct factorisation
for the term™  &. Beforehand, we shall recall the de nition of tlaeljoint action operator

De nition 4.1. [81] Let A, B be two operators. We de ne the adjoint operatofgfacting on8 as
Ad,(B) =[A Bl (4.42)
Naturally, we de ne the&k-th adjoint by recursive relation
AdK = Ad/ks 'Adg; AdG =1 (4.43)
Continuing, let us point out some relevant properties of operatpendG
1. Operators3 andG; fori = 1;2; 3 commute pairwise;
2. Thek-th adjoint operator with respect & acting on operator§; fori = 1;2; 3 gives zero operator
Ad'é fG1; 6, Bag = fhg; (4.44)
fork 2 N;

3. Thek—th adjoint operator with respect o acting on operator&; fori = 1;2;3is a subset of set
spanned by these operators

AdK £G1;6,; 639  sparfGy; Gy Gag; (4.45)
fork 2 N.

These properties are a direct result of the commutation relation between operators collected in Table 4.1.
Furthermore, we de ne a function by the following relation

(G1)=(1;007; (G)=(0;30"; ( G3)=(0;0;1)T; (4.46)
then each element of the set spanneddy G,, G3 can be associated with a three-dimensional vector,
whereas adjoint operations such that wAitha éj = i3=1 i G; are given by matrices

2
11 12 13
( Adr) = g 21 29 232 = An: (4.47)
31 32 33
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As this is common practice, we will omit the functionwhen performing calculations.
To nd the exact splitting for the exponent of the stth G, rst the identity for non-commuting operators
must be used [56, 165]
h i h i h i Z
exp t(X +¥) =exp tX expt? exp e SAd¢ e SAde 4 Yds
hi hi 2 (4.48)

i i
=exp t¥ exptX exp e A e Al 4 Xds
0

Associating = G, ¥ = " and using previously de ned function one gets
h i h i h i Z
exp t(G+9 =exp t" exp tG exp e SAde g sAdr  § G ds

i
—exp t" exp tG exp e Sh¢ e A 1 (1;1;1)7 ds :
0

The restriction of the adjoint with respect @to the set spanned by operat@sfori = 1;2;3 yields a
zero operator, that is

AdeSpaﬁ 61,6289 = 0;
and thus

Ap=0 " e e = 1

This is great simpli cation for further manipulations by 3rd property [cf. Eq. (4.45)], as the integral expres-
sion simpli es to

Z t Z t
e As e SA* 1 (1;1;1)" ds= e A~ 1 (1;1;1)7 ds: (4.50)
0 0
Furthermore
1D
Ad Gi= 2 ,G1+0 G, — X6y
1 pvl 2 mDXp 3
Ad-G,=0 G; 2 ,6,+0 Gg; (4.51)
2D
AdrG3=0 G+ =& + )G
3 1 mDpp 2 ( X p) 3
and thus 2 3
2 0 0
— Dy .
A= g 0 2« %Dp'; é (4.52)
%% 0 ( x* p

Secondly, the exponential under the integral containing adjoint action generated by opeisagren by

2 3
2 AL " eZP: lS ) 0 0
e 1s SR g e ooy gamet ool sy
e L St ) 1

Integrating, in the limit©to t, the action of this operator on vectdr, 1; 1)T yields the following expres-
sion z

dse St¢ e Str % G =cy( )61+ o )Gy + ca( t)Gs; (4.54)
0

D. Wozniak Dynamics of Quantum State: Phase-Space Approach



4. Results 35

where the coef cientg;( t) fori =1;2;3 are equal to
rt 1
+
2 p

& )= !
2 h 2Pem? x p(p ) p* )

c( t)= t (4.55a)

D yx seth1+§e2tpl+2Xplet(x+p)+Xpetxetpz
tmop(p ) D p(€ 1 D+ x 1ee? x 20 )
Fhwmop ko 2y trert oL (4.55b)
ol 1= et 1 Dy L2t
x* p 2mDyxp p( p  x)
+Dxme(DX§ 7 1 e fxr o) (4.55¢)

Following performed calculations with the fact tHatcommutes with a linear combination &, we are
allowed to write the nal splitting in the form

e t(* 6) _ e t“e téecl( )81+ ca( t)8a+ca( t)Bs

e Vel tHAL( )G1+( trAx( 1)Go+( t+As( 1)GCs (4.56)
= e t"gf1( DG1+F2( )82+ Fs( 1)Gs.

whereF;( t)= ¢( t)+ t,fori=1;2;3.Itshould be bornein mind that operat@s, G, G3 must be
held under a common exponential expression, as their Fourier transform is of the Bygn 2 Dppy? +
2Dyp Y Wwhich can introduce divergent evolution traitfy D pp Dfp The complementary splitting for
the operatoexp t” is done according to properties presented in [56]. Recall T + & where the
commutator of its components is equal to

[T;8,+ &3] = uf + v(§ + S3) + c; (4.57)
whereu = 4 p, V=0, c=0.According to [56] operators that satisfy the commutation relation
X; 9= uX + v¥ + ct;
for some constants; v; c 2 R undergo exact splitting
X+7 = @] X o -

whereg (u; v) is given by the expression

(e v e)+u(e 1)

u;v) = 4.58
6 (u;v) U (4.58)
Using it, we get the following equality for exact splitting
e (F+5+8) — ca( t(x )0 x p)( DT tTg 1S+ Ss)
t e t( x P) 1+ t( x p) + (459)

= e X P e t(92"' é3)
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Combining previous results, the following exact splitting for the exponential of the sum of two operators
N .
+ & might be presented, as follows

tet(x P 1+ t(x  p)

o ((F+8+6) - o T T 18+ &)

gfl )G+ Fa( 1)Ga+ Fa( t)é3:

To suf ciently calculate expressions containing derivatives as exponential, we use the Fourier transform,
and the equivalence between multiplication and derivative operators. For scaling op8rdtors = 2; 3
this procedure leads nowhere, as both operators are in the form

éi = eXi@, ; (4.60)

and the Fourier transform preserves the form of these operators, marking our method futile. However, they
can be implemented as four consecutive Fourier transforms with suitable exponentials. Namely, given the
transformation of scaling of; variable, by the factor> 0, that is

Sif (xi) = f(xi)= &8t (x)); (4.61)
it can be expressed as [12]
f(x)= ¥l dgli X*d dd **f(x); (4.62)

where = 1,if > lor =1,if0< 1and

=5 it 5 5 =>j1 | (4.63)

For operator$; wherei = 2; 3 the scaling parameter is equal ta= exp[ xi tlwithxz = x andxz = p.
With this in mind, we can introduce the full split-operator method for the considered evolution generator:
the second-order (Strang splitting) (3.13)

t t t tet(x P 1 t(x p A
%nx.p; 1) ezVe (TS OeaVoq(xip;0)= e ez Ve * o
o o, o,
Xl 2g i x@e i )X X@el « X (4.64)
pl:2e i p@e i ppzei p@ei p P
eFl( t)él+F2( t)é2+F3( t)é3eTt\?0/g(X, p10),
and the fourth-order (3.15):
wx;p; 1) esler(T+Sr O eiWez (T+8+6) gV, (4.65)
where x; p;; ;  are constants associated with the scaling operator presented earlier, and
( t)Z h h i
W =Y + V; T+8+6,V (4.66)

48

For time-dependent potentials, there is no need to repeat the process, even though the formal solution to the
evolutionary type equation with time-dependent generator is given by the Dyson series

@%x; p;t) = L()%x; p;t) =)  %x;p;t) = feo C(s)dsop(x; p): (4.67)
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Using the aforementioned Suzuki's relation (3.24) and the fact that the time-shift operator commutes with
the kinetic operatof, we arrive at the splitting formula for time-dependent potentials with splitting of the
second order:

%Nxipito+ 1) ez V(e WT+S+ErD)g7 0 tlgh(x: pitg)

4.68
— eTf\’)(t0+ e t(f+§+é)eT‘O(to)%(X;p;to); ( )

and fourth order

xipito+ 1) vV (t)ez (TrSrOeiWio) ez (T S+ Eeq ¥ log; p; 1) (4.69)

= ee 000t D (F4848) EW (o ) g (P 8+ 6) g P to) gy, p;to)::
Thus, we have introduced iterative methods to generate a WDF in instances of time that are multiples of the
time step t. The direct splitting for the exponential function Bf+ S + & reduces the number of Fourier
transforms required to calculate the next iteration of the WDF, as per each partial derivative operator, we
should include2 Fourier transforms: forward and backward. Certainly, there are possible reductions of the
number of Fourier transforms, depending on the form of preceding and subsequent exponentials. In addition
to the results provided, we have found that in the case of the 4th order approximation, the dffecator
be calculated using only operatdfsand¥, namely

W=0+ C0%0 0 (4.70)
g Lot

Consequently, no dissipative or decoherence terms affect this operator. The algorithms presented were im-
plemented in C++, with the help of the Fast Fourier Transform [65].
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4.3 A short comment on closed quantum systems

For the sake of the authors' sense of ful Iment, a brief comment on the dynamics of closed quantum sys-
tems is in order. Although distant from the main topic of the thesis, the results obtained, by the authors'
standards, contribute to the broader sense of PhD research process. These results emerged as a byproduct
of tests, calculations, and creative exploration during which the algorithm was developed, tested, and used
to generate nontrivial ndings. The main topic of the calculations mentioned in this short section refers to

the dynamics of Schrédinger Cat States and the behaviour of some descriptive parameters of quantum states
like nonclassicality parameter and Rényi entropies.

4.3.1 Dynamical entropic measure of nonclassicality of phase-dependent family of
Schrédinger cat states [185]

Within this work, we have tried to unify the concept of interaction time between the quantum state and an ab-
solutely integrable potential. Building purely on the phase-space approach to quantum mechanics, we used
the symplectic covariance property to de ne the interaction time. This new quantity is associated with dy-
namical properties of a quantum system. In this case, two representatives of the family of Rényi's entropies
were selected, namely entropies of order one-half and one. The rst one is associated with the measure of
nonclassicality, as we displayed in [97], whereas the latter is equivalent to the continuous Shannon entropy.
To lay the foundation for this novel measure, we can start with a simple academic example of a scattering
of a free patrticle. Its evolution, before and after the interaction with the scatterer, can be described as a
movement within the constant potential - which is a simple model. On the contrary, the interaction with the
potential might be dif cult to describe in terms of formulas, leading to an unsolvable equation of evolution.
It is crucial to notice that free particle evolution is assumed in the in nite distance from the potential as a
result of its absolute integrability over the real line. In terms of the WDF, the evolution of a free particle is
equivalent to the shearing transformation of the WDF, which is given by the symplectic matrix acting on the
(x; p) variables. With the assumption that the support of the Wigner function is compgét ime can say
that before and after the interaction any WDF-dependent functional doesn't change in value, as the Jacobian
of the symplectic transformation is equalltoand no WDF is present close to the scatterer.

We start by adjusting the de nition of the Wigner function as an integral transformation of a wave

function
z

%x;p) = W[ 1(x;p) = 2—1~ ] x+XE X XE exp i:pX dx: (4.71)

This de nition highlights the symplectic covariance property of the WDF, that is, for a metaplectic trans-
formationleg, associated with a symplectic mat acting on the wave function, we have the following
identity [47]

WIKRg 106p) = W[ IS (xp)): (4.72)

It can be interpreted as statemenet that transforming a wave function through a particular transformation
is equivalent to symplectic change of variables of the Wigner function of pre-transformed wave function.
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Throught this identity, one can de ne thgsymplecitcally invariant measures as
= f W[ 1(x;p) dxdp; (4.73)
R2

wheref : [ 1= ~);1=( ~)] ! R s chosen so that the integral exists and is nite. Currently, it is unclear
how to associate de ned expressions with the time evolution of the quantum system. However, it is true
that for Hamiltonians of typ#? = p2=(2m) + 22, where 2 f 0;2g, the evolution can be associated
with a metaplectic transformatidﬁé(t) given by the time-evolution operat®(t; ) forallt 0. We will

focus our attention on the case= 0 which stands for the free-particle evolution. Our previous explanation

implies that
WL @10:p) = WIKg(1) 106p) = WL IS 110X p)); (4.74)
where we have used the fact, th%tg(t) is given by the time evolution operator, yieldindt) for . Fur-
thermore 7
M=t W[ Oxp) dedp (4.75)

de nes the natural generalisation of symplectically invariant measures for time-dependent wave functions.

Then, by a simple change of variables, we have
z z

M= W[ @®l(xp) dxdp= f W[Kg(t) 1(x;p) dxdp
Vip R 7
= sz W 1S *(t)(x;p)) dxdp= sz W[ 1(x;p) dxdp;

(4.76)

where the last equality holds by the fact thaet S(t) = 1. This, by the previous considerations, implies
that (t) = const: where evolution is governed equivalently by symplectic matrix. This can be easily
visualised as follows

Figure 4.1: An idealised picture of the time evolution of the WDF subjected th tiR) potentialU(x).

The blob on the LHS depicts the area occupied by the initial WDF. It evolves freely until it reaches a
certain area (middle segment, orange color) where evolution is no longer describable by the metaplectic
transformation. This re ects on the time evolution of the symplectic meagtyg€background curve) where

prior to rapid evolvution within segment it behaved nearly constantly. After the interaction with the potential,
the symplectically invariant measure stabilizes again.

Such setup allowed us to de ne the interaction timeup to a certain tolerance in the following manner:
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Proposition 4.1. For a symplectically invariant measurg&), the interaction time , between state repre-
sented by the Wigner distribution function and potential energy belonging to the class of absolutely inte-
grable functions, can be de ned as

mnft2Ry :j(t) (1)j> g maxft2R: :j(t) (0)j> g
= ot 4.77)

where (0) is the value of the symplectically invariant measure at the beginning of the evolution, whereas

(1 ) isthe value at the end of the evolutid. = max >R, (t) is the maximum of Wigner—Rényi entropic
measurem = min ¢or, (t) is its minimum, and < " 1is a dimensionless threshold parameter that
can be understood as the precision of the measuring device.

The threshold parameter present in the proposition might seem to be chosen arbitrary small. However, it
should be small relative to the values of the symplectically invariant measure. Within our research, we
treated it as a percentile of the difference between maximal and minimal value of the symplectically invari-
ant measure. Moreover, we narrowed the class of symplectically invariant mea@yrés the following
measures: the Wigner-Rényi entropy of order one-half and one. Those metrics can be derived directly from
the formula [97] Z

S (t)= In 2% ! , dxdpi%ex; SH9 TR (4.78)

1
where is the order of the entropy. The main goal of our research was to propose a phase-space method

to estimate an interaction time of the quantum state subjected to the integrable potential, which shifts the
importance from the analysis of the dynamics of the system to the evolution of the symplectically invariant
measure. To visualise our ndings we conducted a numerical calculation of Schrédinger cat state evolution
in the Gaussian barrier system, with time-dependent amplitude, in the form [185]

(x xg)?

V(x;t; )= Voexp 2

[1 (t t9l; (4.79)

where 2 f 0:5; 2g. This greatly highlighted the advantages and limitations of our method, providing results
comparable with other interaction time measures, such as tunnelling time.

4.3.2 Interaction time of Schrédinger cat states with a periodically driven quantum system:
Symplectic covariance approach [186]

The idea of symplectic covariance of the Wigner distribution function was used to estimate the interaction
time between an oscillating Gaussian barrier, where the time dependence was included within the ampli-
tude of the potential, leading to frequent swaps between the barrier and a well; and a Schrédinger Cat State
Wigner distribution function (SC-WDF). We have numerically solved the equation of evolution, using the
split-operator method for time-dependent potentials, with initial state given by SC-WDF subjected to the
Gaussian potential with oscillating amplitude. Within this research, we investigated the behaviour of the
family of Wigner-Rényi entropies with emphasis on the hierarchy of interaction time based on those sym-
plectically invariant measures. The potential we considered is given by the following formula [186]

(x xg)? 2 (t tp)

U(x;t;T) = Ugexp 2 T

(ty t)+sgn sin (t tp) ; (4.80)
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wherelUg is the maximum of the amplitudeg is the position of the centre of the barrigr,is the width

of the barrier,T is the period of potential changes atylis the delay time before the periodicity of the
potential is switched on. We distinguished three cases for system considered, based upon the timescale the
period of oscillations between barrier and well state of the potential: short, intermediate, and long. This
setup was ideal for previously de ned interaction time, as we have time-dependent potential and initial state
in the backscattering regime for which the casual tunnelling is ill-de ned. We have shown that the family of
Wigner-Rényi entropies is nonincreasing with respect to 1=2, that is

S S0 ; (4.81)

for functions belonging té 2 L1(R;dxdp)\ L (R?;dxdp). A natural question arises if the interaction
time satis es similar property, namely, if ? 0 for different periodsT of the oscillatory
potential.

Figure 4.2: An example of the family of Wigner-Rényi entropies fa2 f 1=2; 1, 2; + 1g , and the interac-
tiontime based upon them, as a function of potential's pefiodor the system in question. We can notice

the monotonicity of entropies but can not conclude that interaction time exhibits the same pattern although
it appears to be ordered reversely, i.e. monotonicly increasingrasreases.

We have noticed that after a certain value of pefigthe interaction time exhibits monotone ordering where

0 but this issue requires further in-depth analysis to prove it rigorously. Moreover, a
question of how to construct a measurement such that this method of calculating the interaction time is valid
and in the frame of physical theory, is also crucial to answer and will be investigated in the future.
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4.4 Averaged system dynamics

Convention: the averages with respect to position and momentum variables are noted via the angular brack-
ets, whereas statistical functioB§], Var[ ] are calculated with respect to the vector parameter

Let us consider two general initial value problems with a common initial cond¥#géx p)
8 8

<opapit) = Lopxpit) + glxpit);  <%0cpit; )= 0C)%xpit; );
%x; p; 0) = %(x; p); %P0 )= %(Xp);

where is a random vector of independent and identically distributed variables ({iEpm PDFf ( ),

(4.82)

which implies thatP( ) = if ( i); %= E[% is the ensemble averaged solution functitS\n,z E[[] is
the ensemble averaged dynamics generator. To nd the correction to this dynamic, let us assume that the
functiong can be expressed as a power series in timih operator coef cientd,, namely
g p;t) = * t" B %x; p; t): (4.83)
n=0
By the theory of abstract evolutionary equations, the formal general solutions can be written consecutively
as: for the rst, non-homogenous Cauchy problem [133]

VA t
%)= etuo+ € Vg(s)ds; (4.84)
0
whereas the second solution is given by
%x;p;t; )= e+t Dog(x; p): (4.85)

wherel )= () . To make a convincing comparison between these two solutions, we express their
functions through power series in timeWe are particularly interested in short periods of time, so we keep
terms that are at most of tl2dad order oft. As a result, from Eq. (4.84) one gets

h [ 2h [
wux;p:t) %ocp)+t L+ By %(xp)+ % 2+ 81+ 1L Bog %(xp); (4.86)
where we have used the following identity [75]
z ‘ n!m! +m+1
nam —_ ) " n+m . . .

and, after integrating both sides of equation (4.85) w.nwe get complementary
z
2
spt)  P() b+ (et te s Ce ) "2 d i)
2 h i (4.88)
= %(6p)+ tL%0Gp) + 5 L2 +var T )] 9%(xip):

Comparing both expressions we arrive at the lowest correction to the averaged system dynamics
%(x;p;t) = Logx; pit) + tvar[{ )]1%x; pit); (4.89)

with Z 2
var[{ )= P() () L “d: (4.90)
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Still keeping the unde ned character of operators above, one may notice that assuming that there exists
a real symbolG(x; p;t) such that( ) can be written in the star-product adjoint form, namé¢ly ) =

fG(X;p;t; ) g2, then
z
var[t )] P()fGxpit; )ifGX:pit; ; Go0od (4.91)

is the continuous sum of quantum jump operators with positive coef cients, present in the Lindblad equation.
Leading to the conclusion, that the average of solutions of evolutionary equations with random parameters,
in short times, introduces a Lindbladian corrections to the dynamics. In the case of quantum mechanics,
I”( ) can be understood as the Moyal bracket for an isolated/closed system or Wigner-Lindblad generator
for an open system dynamics. In presented case, we will consider an open quantum system, where random
perturbation of the potential is present, namely= V(x;t; ). Such case lead to following averaged
Lindblad operator

z
(= P@+ POIVOE )igd + x@X(O)*+ p@P()* 5Du@y* D@ Drp@hy
(4.92)
and complementary
( )=00) C=fvit ) V() g =fV(xt ) g (4.93)
giving Z
26t ) = POVt )if VKt ); goged : (4.94)

To better visualise the operatgar[ { )] we use the different representation of the Moyal bracket, leading

to
toye L i~ i~ . C
Var[ N= = V. x+ Er p b AVARD'¢ Er o b ; (4.95)
so total approximated equation of motion for averaged system is
Z
@= D@w POV )% + x@X%+ p@(P%
1 1
+ 5D @, %+ éDpp@x% Dxp @, % (4.96)
z . . 2
t i~ i~
— P() V x+ Er p b V X Erp;t; %d:

Since the equation of motion for the WDF for the averaged system is not explicitly available in an an-
alytical or calculable form, we instead focus on the law of large numbers, which gives us the following

expression [110]:
1 X
EAGP) = %xpit ) asN !l (4.97)
k=1

which will be used to calculate the averaged WDF for open system. As a model for simulations a time-
independent potential is considered in the form of the sequence of nearly periodic Gaussian barriers

X 1 x k2
V(x; )= Vo%be 27 (4.98)
k
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where it is assumed that all barriers are initially, without introducing the random veg¢tequidistant,
with equal amplitudes and standard deviations. We will consider two probability distributions from which
components of the vector are drawn:

1. A uniform distribution over a symmetric interval:
(A
P = — ;
(W=5— 0 )

2. A Gaussian distribution centred aroubidith standard deviatiow > 0:
1 12
P( k)= p=——e w2 k; 2R

2w
Generally, it will be assumed that parameters presented in the probability distributions are of the order of
single Gaussian barrier of the potential, so the in uence of {his treated as a perturbation from periodicity
of the system rather than the complete anihilation of these characteristics. Then the following averaged value
of the potential holds

1. For the uniform distribution

Vo X + k + k
Vi) = 20 er —pgi +erf —pg— : (4.99)
K
2. For the normal distribution of
Vo X (x k)2
VZ(X) = p: e 2 “+w9); (4100)

2(7+w)

With averaged potentials, we can re-express the Eq.(4.95) in term$xfand the value of V3(x; )

as shown in the Appendix E.2. However, using standard statistical measures and their properties, we can
gain insight into the equation (4.96), holding as an assumption that the poté(tipis smooth. Firstly,

let us rewrite the potential as a sum of potentials where each component depends only on one coordinate of
random vector , that is:

X
VX, )= w(X; k) (4.101)
k
Here we do not specify the form of the functigg(x; ), to keep the result as general as possible. Never-

theless, we make the assumption that it is a smooth function and that the integrals
Z

Evik(x; 1= P )w(X; «d «; (4.102)
and 7
Varfvic(x; 1)1 := P (Wk(X; &) Evid(x))%d «; (4.103)

are nite for anyk. The integral expression in (4.96) can be rewritten as
Z -
~ POV (xt; )fV(xt; );gogd =Var V. x+ %@; +Var V X If@;

i
2cov V X+ —@; Vo oxX =@
2@ 2@

(4.104)
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With the form of the potentiaV (x; ) provided previously we can simplify this expression, using the
properties of the variance and covariance, namely
" #
X X
Var[V (z; )] = Var Vi(z; k) = covw(z; k);vi(z; 1)l
X k kil (4.105)
= Var[w(z; l;
k
wherecov [vk(z; «);vi(z; |)]=0 fork 6 | as g, | are independentrandom variables. Complementarily,

the covariance present in the initial expression can be rewritten using the bilinearity property, i.e

#
X X X

cov vk(y; k) vz ) = cov [vi(y; «):vi(z: 1)l
x - ' kil (4.106)

cov vi(y; «k)ivk(z; Wl
K

covV(y; );V(z; )

where mixed-terms covariances are equdl,tsame as before. In conclusion, the correction to the dynamics
resulting from the randomness of the system can be expressed as

Z X
P(OFV (st )fV(xt; ) gogd = 512 (Var[vi(y; )]+ Var[ v(z; «)]
k
2covi(y: 1iv(z WD) (g

2

1 X i~ i~
— Var v X+ E@, K VK X E@, K
k

(4.107)

Using now the assumption about the smoothness of the constituent funetions «), we expand each in
Taylor series, leading to

i~ )
Vk X+ —@; Vk X —@; =i~
k 2@ K k 2@ K

X2y

_ 2n
sl 3 @ Twia 0@ (4.208)
n=0 '

and consequently, the variance of the difference can be written as

i i~
var v X+ 5@; K Vk X E@; Kk =

ZXl ( 1)m+l ~ Am+h h +1 1+1 i (m+1)+2 (4'109)
~ _ m . . . m .
L em+DiEI+D 2 cov @™ (i 1)@l 1) @ '
1=0

The lowest order correction to the dynamics can be achieved by takind = 0, then

var vy x+%@; RV %@; k= ~AVarvi(x k)] @p; (4.110)
or in the context of the equation of motion

@= D@wr VD% @A+ @(PY

|
(4.111)

1 1 X '
+ éoxx@p% éDpp@x% Dxp @, %+ t varvi(x; k)] @p%:
k
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As a result, the derived correction can be treated in the lowest order as a position-dependent decoherence
term, and its strength is coupled to the variance of the potential components' derivative. Moreover, it displays
the emergence of decoherence in averaged systems. Even further simpli cation of the problem is possible,
allowing us to bound the decoherence to the spread of the random parameter. Let us recall that for a function

f (x; ) parameterised by a random variablewith meanE[ ] = O, we can approximate its variance via
the following relation
, @f°?
Var[f (x; )] — ; (4.112)
@ -0

which is known as the delta method [30], which reduces to applying the Taylor expansion with respect to
for functionf (x; ). In our case, this approximation leads to

@vk _
@X@( k:E[ k]:o

Varvg(x; )] 2

(4.113)

Within this work, we will consider constituent potentialg, dependent on the difference between position

X, and random variableg, vk (X; k) = V(X k) allowing for further simpli cations, where the derivative

with respect to can be substituted with the derivative with respect to position, taken with a negative sign,
@), giving us the following equation:

@6=  C@% V(0 %+ @XA+ p@P%

, . X (4.114)
D xx @po/o-i- EDPD@X% Dxp@po/m- t? (@XVK(X;O))Z@F)%:
k

+ =
2

For a better understanding of the derived dynamics, an example was considered for the linear potential
V(x; )= V(X;E) = EX, in Appendix D.
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4.5 Numerical results

Within this section, we have used the algorithm developed in Sec. 4.2 to investigate the dynamics of the
system described by equation (4.114). The numerical calculations were performed on a symmetric

Np = 1024 1024 (;p) grid with the initial WDF state taken as a Gaussian function with uncorrelated
position and momentum.

N

%x; p; 0) = %(x;p) =

e 2 x P (4.115)
2 X p

with the following parameterscg = 300[a.u.],po = 0:15[a.u.], x = P 500[a.u.], p=1=(2 P 500)

[a.u.]. This gives the mean energy of the initial state at the vhliie  0:0113[a.u.]. The maximum
position value on the grid was setx@ax = 1500 [a.u.] while for the momenturpmax = 1:5 [a.u.] which

gives the grid steps x = 2:93[a.u.] and p = 0:00293[a.u.], as the grid is rectangulpr Xmax ; Xmax ]

[ Pmax;Pmax]- The time step for the closed single barrier and chain of barriers systems was det 49

[a.u.]. For the single-barrier system, it overlaps with the parameters used in our publications [185, 186, 97].
The parameters of the environment were chosen so that the whole evolution resembles Brownian evolution,
with x = Dpp = Dyp =0 while , =10 ° Dy =10 ©. The values of the parameters were guided by
the stability of the algorithm. As for the perturbation vectoof the potential, we consideréd cases, each
having eitherl (single barrier) 020 (chain of barriers) coordinates, which together constitute a statistical
ensemble.

4.5.1 Dynamical parameters of the system

To characterise the dynamical properties of the system, we considered a group of parameters which can be
classi ed as follows:

1. The statistical parameters
Measures which stem directly from the de nition and properties of the WDF and have physical and
statistical interpretation. Those include: mean values of position and momentum and centralised sec-

ond moments. We de ne those as follows: the mean position and momentum
Z

hxi (t; )= XU%x; p;t; )dxdp; (4.116)
R2

and Z
hpi (t; )= p%x; p;t; )dxdp; (4.117)
R2
complementarly, the second centralised moments:
)= X ) hxi®( );
20 Y= 2 (t 200 Y.
ot )= p° (& ) hpi“(t ); (4.118)
cov[x; pl(t; )= mxpi(t; ) hxihpi(t; ):

The pair(hxi (t; );hpi (t; )) will be understood as quantum phase-space trajectories, and are in
close relation with classical ones. They are the main concern of Ehrenfest theorem [149], drawing
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similarities between classical and quantum mechanics. Additionally, we recieve the trajectory for each
realisation of the system. Using the linearity of mean value, with respect to the (quasi-)probability
density function, we expect that average Wigner funci@noves along the average of phase-space
trajectories. Complementarly, the second moments allow us to characterize the deviation from the
mean trajectory and also the correlation between both variables considered. The evolution equation
for mentioned moments is given by the following system of coupled ordinary differential equations:
the rst moments (means) 8

1
< @i = = hpi hxi ;
_ m® (4.119)
" @hpi = h@V(x; )i phpi :
and second centralised moments (variations and covariance)
8 2
— . 2 .
% @ ;= COUX;p) 2 x x+ Dpp;
: @p= 2c0Mp;@V(X; ) 2p p+ D (4.120)
1
T@ovxp)= 5 oMk @V(X ) (x* p)CoUXp) D

Yet again, we see that Gaussian states are preserved in the case of potentials of the polynomial type
of at most second order, as the system of presented equations is then closed, and gives full evolution
of the parameters of the Gaussian state.

This can also be debated in the case of the averaged dynamics. Then the system of ODEs describing
the moments is given by

8 1
< o1 i
_ @i =y e ! (4.121)
" @i = @V (x) phpi
and complementarily
8 2
% @ 5= —covx;p) 2 x %+ Dpp;
m X
% @ 5= 200Mp;@V(X) 2 p p+ D+t 2 (@Vk(X;0)Z (4.122)
k

1
T @cox;p)= 5 COMX@V(X)  ( x+ p)coMx;p) Dup:
which especially changes in the evolution of the momentum-variance of the average solution.

2. The phase-space characteristics
Measures that are a functionals of the WDF. Between all possibilities, the most recognizable is the
nonclassicality parameter [101]. It classi es the negativity of the WDF, simultaneously quantifying the
guantum effects [148]. According to Ref. [91], the WDF is classi ed as real probability distribution
function, thus is non-negative, only when the underlying wave function of the quantum system is
Gaussian exponential. This yields yet another interpretation of the nonclassicality parameter - as the
measure of deviation from Gaussian distribution function. Moreover, it was shown that negativity
of the WDF is required to witness the tunneling effects in quantum systems [111]. nonclassicality
parameter found its applications in the Resource Theory [161], as logarithmic nonclassicality which
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is a computable resource measure, capturing the negativity of the WDF and behaving monotonically
under Gaussian free operations [2].

In the case of mixed quantum states, however, there exist postivie WDFs that are simultanously non-
Gaussian [117]. The noznclassicality parameter is de ned as [101]

= Rz(J'%x;p)j %x; p)) dxdp = . j%x; p)jdxdp  1; (4.123)

and it satis es the following bound 2 [0;+1 ). The time and dependence is naturally transfered

from the WDF to (t; ).

The second measure, quantifying the amount of information the WDF possesses, is the Wigner-
Shannon entropy. It is associated with a deformation of the area occupied in the phase space, that
was caused by quantum position-momentum correlations [186]. It is a special case of a family of
Wigner-Rényi entropy [172, 97]

ya
S )= @~ ' dxdp jexpt )P (4.124)
RZ
which for ! 1 has the form
ya
Sit; )= 2 dxdpj¥x;pit; )i®In jebx;pt; )j® (4.125)
RZ

where%= %:ko/kl_z(Rz). Additionally, according to [1], the rate of change of the Shannon entropy
can be associated with the rate of diffusion of the quasiprobability function over the phase space.
It should be noted, that the topic of quantum entropy for quasiprobability distributions is quite vast,
and many de nitions and directions were considered that resemble the standard differential Shannon
entropy [172, 53, 173, 118]. However, the de nition provided in Eq. (4.125) uses the interpretation
of the Wigner function as the probability amplitude function [21, 38]. In our work [97], we have
shown the relationship between the nonclassicality parameter, and the Wigner-Rényi entropy of order
=1=2.

3. State characteristics
We shall recall one of the previously mentioned parameters. By theorem 1.1 the purity of the state can
be used to determine whether the state of the system is pure or mixed. In terms of Wigner function,
the purity is de ned as Z
D(t; )=2 ~ - %(x;p;t; )dxdp; (4.126)

and can be used to track the characteristic trait of the quantum state. However, as underlying Hilbert
space of the system is in nite-dimensional, the crucial property is missed, namely we are not able to
state which state of the system is maximally mixed. This is especially interesting, as the maximally
mixed state has the maximal Shannon entropy, equia dq128], whered is the dimension of the
Hilbert space, providing connection between two measures and their physical interpretations. More-
over, under Liouvillian dynamics (2.38), the purity of the system is non-increasing function of time,
namelyD(t) 0. This is proven as great criterion for correctness of the dynamics of the system, as
increasing purity would suggest that the motion of the system is no longer governed by the GKSL
equation.
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Another measure, associated mostly with the investigation of the in uence of the perturbation of the
system on its dynamics, is the Lochschmidt Echo, introduced by A. Peres [135]. It can be de ned as a
overlap measure between unperturbed system Wigner furtdtiop; t; 0) = %x; p;t) and perturbed

one%x; p;t; )[73,41]
Z
M(t; )i=2 ~  %x;p;t)%x;p;t; )dxdp: (4.127)
R2

Its interpretation, based on the mathematical formula, is straight forward: it measures the overlap
between the two types of the dynamics with similar initial condidg(x; p) allowing for quantita-

tive describtion of thelivergencerom unperturbed evolution. However, the main physicall question
standing behind this measure is the reversibility of the dynamics. Due to its simplicity, it especially
found applications in chaos theory for quantum mechanical systems [135, 187] as a tool for analysis
of reversibility of the evolution but it can also be interpreted as sensivity of the quantum system to
perturbations.

4. The distances between states
The distance between two density operatdys,”, is given by the trace distance de ned as fol-
lows [128, 108]

1_ . .
d(™q; ) = > Tr(j™ ™)) (4.128)
which can not be easily transferred to the quantum phase space, as by the Weyl quantisation procedure
we get 7
d(%; %) = % j%(x;p;t)  %(x;p;t)j-dxdp; (4.129)
R2

where modulus function presented in the integrand expression is understdoacaiilus. Its de ni-
tion is rather complicated and can be given in terms of a limit, instead of an analytic formula

Jo%x; p; O)j2 == I(!iml tanh,(k%x; p; t)) ? %x; p; t): (4.130)

which is one of many ways to de ne standardmodulus within the scope of commutative product.
Thus, a different distance measure should be considered, where an explicit formula can be written
down and then calculated - even numerically. Fortunately, the Hilbert-Schmidt distance is one of such
measures, that can be directly translated in terms of Weyl transform, namely

S -
L
d1(%; %) := [%(x;p;t)  %(x; p; t)]2dxdp; (4.131)

where%, % are the WDFs of density operatofg, . By the triangle inequalitk% %k,
k%k, + k%k, we can normalize this expression to identity, namely

q D
“la(x;pit)  %(x; p;t)]2dxdp
di(%; %) = &R g

n

(4.132)

4R :
%(x;p;t)dxdp+  9%B(x; p;t)dxdp

The integral of the square of the WDF, as previously stated, is proportional to the purity of the state,
hence, the distance considered allows for measuring what fraction of the sum of purities of two states,
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calculated independently, is covered by the difference between these states. For the sake of this work,
we are interested in two distances: the one between the average of the solution and the approximated
average solution, and the other between states and the unperturbed system. This approach should
guantify the discrepancies between the approximation and the amount of deviation from the dynamics

without the vector of random parameters
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4.5.2 Single barrier with perturbed centre

For the rst case of the system, we considered a closed quantum system with a potential of the form

x_)?

V(x; )= Vopzl—e 22, (4.133)

where for each , being a random variable. In this setting, the perturbatiazorresponds to shifting of
the barrier towards or away from the initial state WDF, as it is centralised at painpg) in the phase
space, according to Eq. (4.115). Therefore, for each value thie evolution is either delayed or advanced:

> 0 gives a delay, while< 0 gives an advance. This repulsive Gaussian potential model can be related
to nanowire defects models [184, 103], to studies of interacting Bose-Einstein condensate through a bar-
rier [120, 92], or considered for a tunnelling model for estimation of tunnelling time [55] and semiclassical
analysis [13]. In this rst simulation, we did not include the environmental effects to see if our intuition
behind the isolated model is right. As noted earlier, both the averaged system and its approximation should
be in uenced by the effective environmental effects introduced through averaging, rather than by a physical
coupling to an external system. Classically, this system corresponds to a sirspifted barrier, which
exhibits two types of dynamics: re ection from the barrier or free evolution above it.

Figure 4.3: An artistic visualisation of the types of dynamics in the presented system. The classical particle
(blue-bottom or red-top ball) can either back-scatter from the potential or transfer right above the barrier,
depending on the initial energy it has. The curves represent a phase-space trajectories associated with those
dynamics.
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Isolated system

Convention: In all subsequent gures, the results for Gaussian disorder are shown in the left panel (or
column), and the results for uniform disorder are shown in the right panel (or column). The grey band
represents the ensemble of realisations of the parameters for the disordered system, while the green line is
associated with the parameters of the unperturbed system. The red and blue lines indicate the parameters of
the ensemble average WDF and of our approximation, respectively.

The phase-space trajectories of this system, as expected, form a family of shifted curves«gn the
plane, as visible in Fig. 4.4

Figure 4.4: The phase-space trajectories of the WDFs for the isolated system.

One can immediately notice that the grey curves are not only shifted, but also their extrema are lower for
each vector considered. This behaviour results from the evolution associated with a free particle. When
the potential energy vanish®{x; ) =0 or when there are unbounded regions whéfg; ) 0 within
some tolerance, the evolution follows (or is close to) a transformation known as shearing [47]. In particular,
for the free particle potential, the general solution to the Moyal equation, with the initial conégjida
given by

%x;p;t) = %(X pt;p); (4.134)

which means that the solution is constant along the charactensticpt = ¢; andp = c;. Although the
momentunp does not change, it still governs the behaviour of the position through its amplitude and sign.
As a result, parts of the Wigner function, lying below thaxis (p < 0), move to the left, while those above

move to the right, and the shift increases over ttrre 0. The closer the barrier is to the initial state, the less
sheared the Wigner function becomes before reaching it. This creates a shifted and lowered maximum on the
(x; p)-plane. It is also noticeable that all phase-space trajectories, except the one given by the approximate
average solution, have a nal momentum smaller than the initial value. Looking at the second moments of
the WDF, they exhibit the following evolution patterns, displayed in Fig. 4.5
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Figure 4.5: The standard deviation and covariance of momentum and position of the WDF for the isolated
single barrier system. In this particular case, the grey band associated with the second centralised moments
of the perturbed systems is not visible in the gure (covered by the red line), which suggests that the random

location of the potential does not in uence these parameters.
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We can see that for both cases of random location distribugng, the behaviour of second moments of

the WDF is similar. In particular, the standard deviation and the covariance of the average WDF seem to
be kept within the bounds of the evolution, and more importantly, the shift of the potential does not exhibit
crucial changes to its moments. Therefore, we can state that the structural change of a barrier does not
in uence the spreading of the WDF. In contrast, the blue line in Fig. 4.5, which represents the approximated
average solution parameters, is visibly different from its previous counterparts. The sigmoid-like structure
for both » and  is inconsistent with the ensemble average and should be treated rather as a worst-case
scenario. This leads to the appearance of the maximum covariance between position and momentum, which
is delayed in the case of a uniform distribution.

Since the initial state is given by a Gaussian function, which is a proper classical PDF, it is natural to
investigate how the nonclassicality parameter changes during evolution together with the Wigner-Shannon
entropy, as seen in Fig. 4.6 From the evolution @f ), it is visible that before the interaction with the

Figure 4.6: The nonclassicality parameter and Wigner-Shannon entropy of the isolated single barrier system.

centre of the barrier, the Wigner function stays positive and Gaussian. As discussed earlier, away from
the barrier, the potential resembles that of a free particle, and the evolution is governed by the shearing
transformation. This preserves the form of a function, which implies tftat ) = 0 or, more precisely,

(t; ) Osince some interaction between the Gaussian tail and the barrier is still expected. Once the barrier
is reached, the value oft; ) increases, indicating an enlargement of the area where the WDF is negative,
and suggesting the appearance of quantum effects, such as quantum interference. After the interaction,
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(t; ) slowly approaches a xed nonzero value. For the ensemble's average WDF, howgyej, tends
towards zero, while for the approximated solution, the nonclassicality parameter begins to increase again.
To examine whether the nonclassicality parameter continues to change under further evolution, we can
analyse the Wigner-Shannon entropy shown in the Figs 4.6b, 4.6d. After approximatgly 10° [a.u.],
the entropy remains nearly constant, which means that the system no longer interacts with the potential.
Therefore, the nonclassicality reaches asymptotically a xed value. Additionally, the spread of the WDF for
the ensemble and its average, after the interaction with the potential, slows dd®(tas)=dt 0, which
is consistent with the expected behaviour.

For the analysis of the type of dynamics of the system, we shall consider the purity and Loschmidt
echo, displayed in Fig. 4.7 The purity of each realisation of the system is constant and equal to unity, which

Figure 4.7: The purity and Loschmidt echo for the isolated single barrier system. For the purity, the grey
band is perfectly tracing the green line of the unperturbed system, as the evolution is unitary.

con rms that the evolution of the system is isolated. In contrast, the purity of the averaged case shows
unusual behaviour. It initially decreases and later returns to unity. This rules out interpreting the dynamics of
the average as isolated, or even as Lindbladian, since in that case the value of purity should be nonincreasing.
On the other hand, the approximated average purity decreases monotonically, which is consistent with the
evolution guided by Eq. (4.114). Furthermore, as shown in the Figs 4.7b, 4.7d, the system itself exhibits
reversible dynamics, whereas the approximated average solution's echo suggests the complete loss of the
information within the system, with simultaneous overdamping of the ensemble's dynamics. On the other
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hand, the system's reversibility is largely insensitive to spatial perturbations of the potential. Apart from a
single extremum in the Loschmidt echo, its value tends to unity for each realisation within the ensemble,
apart from the proposed average approximation, where the reversibility is lost.

To gain a deeper understanding of the relationship between constituent realisation of the system, we
analysed the distance between each WDF, including the average WDF and its approximation, and the un-
perturbed system WDF in the Fig. 4.8 With an additional analysis of the distance between the averaged

Figure 4.8: The distance between the WDF for the unperturbed potential and each of the following for the
isolated single barrier system: the perturbed WDF, the ensemble average, and the proposed approximation

of the average.

WDF and the proposed approximation, in Fig. 4.9 The distance between the unperturbed WDF and the

Figure 4.9: The distance between the ensemble avétfigeand proposed approximati@in the case of

the isolated single barrier system.

perturbed cases and averages starts from zero, then changes upon reaching the centre of the potential, and
eventually stabilises at a nonzero constant value. Since the initial evolution resembles that of a free particle,

it is expected that the perturbed solution initially overlaps with the unperturbed one. The same behaviour is
observed for the ensemble average and its approximation. It suggests that states, after the interaction, stay in
constant separation from each other. The averaged WDF does not fully resemble the unperturbed WDF, as
their distance stabilises at a value greater harhe same reasoning can be applied for the distance between
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the suggested approximation and the average WDF, seen in Figs 4.9a, 4.9b, and thus it poorly approximates
the evolution, especially when interaction with the potential starts and after it.

Open system

As a next step, wepenthe system by introducing the environmental effects, which are included by keeping
the coefcients , andDyy non-zero in Eq. (4.35). This leads to the following dynamics of the WDFs
considered, seen in Figs 4.10 Compared to the isolated system, the phase-space trajectories of the open

Figure 4.10: The phase-space trajectories of the WDFs for the open system.

system do not appear to differ signi cantly. However, there is a visible constant loss of momentum for all
cases after interaction with the barrier, due to the loss of energy. The same conclusions can be applied to
the phase-space trajectories of the ensemble average. This result is not surprising, as the constants present
in the evolution equation are taken small, so that the decoherence and dissipation effects are prolonged
through evolution. However, the small amplitude of those coef cients does not signi cantly in uence the
decoherence constant present in the approximated equation for the ensemble average WDF, and thus its
trajectory remains similar to that of the isolated dynamics. As a next set of parameters, we consider the
second moments of the WDFs, seen in Fig. 4.11
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Figure 4.11: The standard deviation and covariance of momentum and position of the WDF for the isolated
single barrier system. As is the case with the isolated system, there is no grey band present in the gures.
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The second moments of the WDFs considered align almost perfectly with the case of the isolated system.
This would imply that environmental effects do not affect their behaviour. However, the standard deviation

of the momentum increases in the case of the open system, while it was almost constant for the isolated one.
Consequently, we try to notice differences between the systems using the phase-space and state measures,
displayed in Figs 4.12, 4.13 Although the phase-space trajectories of the WDFs do not differ signi cantly

Figure 4.12: The nonclassicality parameter and Wigner-Shannon entropy of the open single barrier system.

between isolated and open systems, the nonclassicality parameter and entropy exhibit completely different
behaviour. In the long-time limit, the nonclassicality parameter for all WDFs considered approaches zero. As
a consequence, the asymptotic state of the system is represented by a positive WDF for all random,vectors
which implies that the nal state of the system is a Gaussian or a positive mixed quantum state. The Wigner-
Shannon entropy increases monotonically, with a small "bump" around the time instadt 10° [a.u.].

This result suggests a further spread of the distribution as time increases. The rate of spreading is similar for
the perturbed WDF and the ensemble average, while the approximated average initially diffuses faster but
eventually stabilises at a constant rate. However, the presence of the environment reduces the spread of the
Wigner-Shannon entropy across the contributing realisations of the system. It ab&rdsrato information
spreading, limiting the possible dispersion of the WDF among ensemble elements, and controlling the rate
at which entropy increases.
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Figure 4.13: The purity and Loschmidt echo for the open single barrier system. Yet again, the randomised
location of the barrier does not signi cantly in uence the measures considered.

Both the purity and the Loschmidt echo, shown in Fig. 4.13, are monotonic functions that tend to zero as
t ! +1 . This shows that the system, in addition to becoming a strong mixture of quantum states, also
loses reversibility during evolution. This tendency is precisely depicted by the echo of the approximated
average WDF, where, after the time 2 10° [a.u.], the approximation is overdamped, leading to a much
faster loss of purity and information. Thus, opening the initially isolated system, the interaction with the
environment decreases the purity of the state, simultaneously disallowing for any reversibility within the
ensemble, as the grey band narrows for the Loschmidt echo in Figs 4.13b, 4.13d.

D. Wozniak Dynamics of Quantum State: Phase-Space Approach



4. Results 62

Figure 4.14: The distance between the WDF for the unperturbed potential and each of the following for the
open single barrier system: the perturbed WDF, the ensemble average, and the proposed approximation of
the average.

Figure 4.15: The distance between the ensemble av&fgand proposed approximatiéan the case of
the open single barrier system.

A notable property that occurs after the introduction of environmental effects is the asymptotic behaviour of
the distance between the considered WDFs and unperturbed dynamics. From the Fig. 4.14a, we can deduce
that this measure also tends to zero, suggesting that in the long time 1 , the nal state of the system

is similar regardless of the scale of the barrier perturbation and their mean averages to the stationary state.
This last implication is straightforward, since the mean of identical states is the same state. However, the
same does not apply to the approximation in Fig. 4.15, which converges to some distribution, but one that
differs from that of the perturbed system.
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4.5.3 Chain of Gaussian barriers with perturbed centres

In this case, the potential has the form

. X 1 (x k k)z.
V(X, ) = Vopzje 22 y (4135)
k

where the indeX is restricted by the length of the calculation box anid the distance between the centres

of the barriers. Due to the presence of random perturbations in the positions of the barrier centres, the system
loses its displacement symmetry. In other words, the Hamiltonian of the system no longer commutes with the
spatial translation operatdr = exp(( i=~) p), whereais the period of the potentnial, deeming the Bloch
approach inapplicable. We shall refer to this system as a structurally disordered system [159, 106, 58]. The
natural point of comparison for such systems is the non-perturbed structurally periodic pséxfia) that
represents a chain of Gaussian barriers. Unlike the previous case, this system cannot be simply interpreted
in classical terms, even when = 0, unless the position variable covers the whole real ¥n2 R. To

illustrate where the classical interpretation fails, let us consider the unperturbed potgxtfl). In this

case, the system can indeed be interpreted as a periodic potential, namely a Gaussian chain of barriers, each
separated by distance Let x; denote the position of thig-th barrier centre, that ix; = j . From the

formula above, we compute the derivative with respeat to order to locate the extrema:

Vo X (x_k )2
@V (x;0) = {aﬁ x ke =27 : (4.136)
k
Substitutingx = xj = j , we obtain a nonzero remainder term:
Vo X 212
@V (xj;0) = pﬁ (G ke 227 (4.137)
k6j

where the summand is antisymmetricjik and vanishes only fok 2 Z. However, in numerical calcu-

lations, especially in the perturbed case, the system is restricted to a nite grid, allowing only for a nite
number of centres. As a result, antisymmetry is broken, and a nonzero contribution remains. Furthermore,
additional extrema may emerge at positions other than integer multiplesd#pending on the width of

the Gaussian barriers. The classical dynamics of this system is therefore more involved, but can still be
described qualitatively. It is a combination of bounded motion around xed points, unbounded motion over
the barriers, and semi-bounded motion over smaller barriers up to a higher-energy barrier where re ection
occurs. Nevertheless, as the number of barriers increases and the width of each Gaussian increases, this
classical description becomes progressively less traceable.
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Figure 4.16: An example of a classical ow of a perturbed Gaussian chain. The variety of the types of dy-
namics is diverse: from bounded motion in local wells (blue-colored closed curves) to unbounded evolution
of the classical system (red curves going from far left to far right), existing without any regularity.

Isolated system

For the simulations, we considered an isolated system with the potential de ned in Eq. (4.135), using the
parameter¥y = 0:015[a.u.] for the barrier amplitude, = P 50[a.u.] for the barrier width and =50  x

[a.u.] for the mean separation. For these parameters, the mean phase-space trajectories of the system and the
corresponding averages are shown in Fig. 4.17

Figure 4.17: The phase-space trajectories of the WDFs for the open system.

We can notice that no closed phase-space trajectories form under time evolution for all the considered cases,
where for some cases of a trajectory is a straight line, regardless of the underlying probability distribution.
Additionally, the ensemble average almost precisely follows the dynamics of the unperturbed system. The
approximated average of the ensemble is strongly damped, where shortly after the start of the simulation, it
loses all of the momentum, jittering aroupd 0 [a.u.]. To complement this picture, we investigated the
statistical parameters of the WDF and their change, which leads to the behaviour displayed in Fig. 4.18.
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Figure 4.18: The standard deviation and covariance of momentum and position of the WDF for the isolated
multiple barrier system.

D. Wozniak Dynamics of Quantum State: Phase-Space Approach



4. Results 66

At rst glance, the second centralised moments for the perturbed system and the ensemble average follow
almost identical behaviour, with the average resembling the dynamics of the unperturbed system. The grey
band is narrow, suggesting that, yet again, the structural disorder of the system does not impact the spread
of the WDFs drastically. In contrast, the approximation predicts excessive growth of the moments, which
is inconsistent with the isolated ensemble. The structure of the potential can be noticed in the oscillatory
character of the ensemble average and in the grey band that represents the elements of the ensemble.

Figure 4.19: The nonclassicality parameter and the Wigner-Shannon entropy of the isolated multiple barrier
system.

In the isolated case, the nonclassicality parameter increases with time, while the Wigner-Shannon entropy
increases modestly, as seen in Fig. 4.19. This re ects the persistence of the interference patterns within the
system when there are no environmental effects present. The values of the parameters for each perturbed
system stay relatively close to those for the WDF of the unperturbed system. However, the introduction
of multiple barriers reduces the effectiveness of ensemble averaging, as the parameters for the averaged
WDF lie below the values for the unperturbed case, indicating that more samples should be considered for
such systems. Although the parameters for the ensemble average display a similar but weaker behaviour, the
approximated average overshoots the entropy values and overdamps the interference within the system. This
is especially visible in the nonclassicality parameter, Figs 4.19a, 4.19c, where shortly after the beginning
of the evolution, the system ends up in a positive state with nonclassicality eqOaldbcourse, this
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is unsurprising, as the decoherence term appears in the evolution equation for the approximated Wigner
function.

Figure 4.20: The purity and the Loschmidt echo for the isolated multiple barrier system.

The purity of the system remains the same for both perturbed and unperturbed evolutions, in
Figs 4.20a, 4.20c, con rming that static disorder alone does not induce mixing. Due to the dephasing be-
tween each realisation, the purity of the ensemble average is lowef tlidmwever, it appears to tend to

a constant in a long time limit with vanishing oscillations around it, which suggests a consistent mixture
throughout the rest of the evolution. In contrast, the approximation overestimates the drop in purity, leading
to a perfect mixture in a nite time. Moreover, we are unable to notice the narrow grey band in the case of
the Loschmidt echo, in Figs. 4.20b, 4.20d, as was present in the single-barrier systems. It suggests a strong
susceptibility of the system to perturbation. Based on the dual interpretation of the Loschmidt echo, we can
also say that the system loses the dynamical invertibility property, but only to some extent, as it does not
tend to0. However, as it also measures the overlap between each realisation and the unperturbed WDF, we
can say that the disorder within the initially periodic potential greatly in uences the state of the system,
which will be emphasised in the subsequent gures. To further investigate the system, we now consider the
distance measures in Figs 4.21 and 4.22.
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Figure 4.21: The distance between the WDF for the unperturbed potential and each of the following for the
isolated multiple barrier system: the perturbed WDF, the ensemble average, and the proposed approximation

of the average.

Figure 4.22: The distance between the ensemble av&fdend proposed approximatidfin the case of

the isolated multiple barrier system.

In the barrier chain case, the distance measure from the unperturbed case forms a nearly constant-width
band from perturbed realisations. Each realisation of the system stays within a certain distance from the
unperturbed WDF throughout the evolution period and does not tend,!as+1 , to a common nal

state. Disorder alone does not diverge trajectories in the phase space of initially structurally symmetric
systems. The ensemble average is con ned within this band, however, in all cases, the distance remains
strictly positived; > 0. This indicates that, in terms of the?-norm, both functions differ regardless of

the underlying probability distribution of the random vectoiHowever, the ensemble average stays closest

to the unperturbed WDF. By contrast, the blue line representing the distance between the approximated
average and the unperturbed WDF rapidly increases towards unity, meaning that it is nearly orthogonal to the
unperturbed WDF. This contradictory divergence is clearly visible in Fig. 4.22. Therefore, the approximation
does not track the ensemble but instead provides a bound on possible decoherence effects.
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Open system

Like in previous cases, we start with the phase-space trajectories of the system, displayed in Fig. 4.23.

Figure 4.23: The phase-space trajectories of the WDFs for the open system.

Judging by the type of phase-space trajectories, we can state that there are no premises for the closed
trajectory within the system. By including the environmental effects, we can notice the gradual decrease
of the average momentum value for all functions considered, which was also present in the case of the
open single-barrier system 4.10. Moreover, there is a visible decrease in the oscillatory character of the
phase-space trajectory compared to the isolated system 4.17. The phase-space trajectory for the average of
the ensemble WDF traces the unperturbed dynamics, while its approximation also depicts the worst-case
scenario of the damping of the system. We complement the discussion of the statistical parameters for the
WDF by considering the centralised second moments, as done previously. Those are shown in the Fig. 4.24.
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Figure 4.24: The standard deviation and covariance of momentum and position of the WDF for the open
multiple barrier system.
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In addition to the prior discussion, the bandwidth depicting the in uence of the disorder of the system
is greatly reduced, suggesting that no signi cant spreading of the position and momentum between the
realisations takes place. This narrowing of the grey band results from the interaction with the environment
and was not visible in the case of the single-barrier system. However, this effect might result from the
choice of the potential rather than the interaction with the environment. Moreovey, te@early constant.
Additionally, the average Wigner distribution's statistical parameters are closer to the unperturbed dynamics,
whilst the approximation does not resemble the behaviour of the real system, but still is held within the
system's bounds.

Figure 4.25: The nonclassicality parameter and the Wigner-Shannon entropy of the open multiple barrier
system.

The introduction of environmental effects drastically changes the behaviour of nonclassicality parameter and
Wigner-Shannon entropy. Let us start by noticing that the grey band formed by the values of the nonclassi-
cality and Wigner-Shannon entropy from all considered realisations is becoming narrower during the time
evolution. Both measures are monotone after the initial evolution: the nonclassicality is strictly decreasing
towards some unknown constant while the Wigner-Shannon entropy increases. Moreover, the nonclassical-
ity of the ensemble-averaged WDF is drastically lower than the nonclassicality of each realisation of the
system. In contrast, the Wigner—Shannon entropy of the averaged WDF closely follows the values for the
unperturbed case. This behaviour is clearly different from that observed in the isolated system, where both
measures underperformed. Yet again, it con rms that the environment in uences the spread of informa-
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tion between the realisations of the system, as in the case of the single-barrier open system 4.12b, 4.12d.
Surprisingly, the nonclassicality parameter of the approximated ensemble average is strictly closer to the
ensemble average value but still overdamps the value. However, the entropy production is still higher in the
approximated case, especially in the long-time limit.

Figure 4.26: The purity and the Loschmidt echo for the open multiple barrier system.

Both the purity and the Loschmidt echo decrease, re ecting the expected loss of coherence, tefiding to
for both measures. Thus, as time progresses, the system becomes a perfect mixture of states. The echo of
the ensemble average WDF is kept within the grey band of the realisations of the ensemble. However, for
purity, it underestimates the initial values, so that later during the evolution, it aligns with the green line. The
approximation yields a signi cantly faster decay, consistently underestimating both quantities. In contrast
to the isolated case, the purity of the system does not form a narrow band. Instead, a dependence on the
realisation of the system is observed. Complementarily, the echo of the system forms a narrower band in
the case of the open system. This behaviour con rms that static disorder and decoherence perturb the purity
and reversibility of the dynamics, while the lack of environmental effects preserves purity and allows for
some degree of reversibility within the system. However, as evolution progresses, the interaction with the
environment results in a decreased spread between each component of the ensemble.

D. Wozniak Dynamics of Quantum State: Phase-Space Approach



4. Results 73

Figure 4.27: The distance between the WDF for the unperturbed potential and each of the following for the
open multiple barrier system: the perturbed WDF, the ensemble average, and the proposed approximation

of the average.

Figure 4.28: The distance between the ensemble av&fgand proposed approximatiéan the case of

the open multiple barrier system.

Ensemble averages remain close to the unperturbed state, while the approximation diverges. The growth
and saturation of distances involving the approximation con rm that it overestimates the effect of disorder,
irrespective of its distribution. The small separations among realisations and the ensemble average highlight
the limited role of disorder in modifying the dynamics.
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45.4 Discussion of numerical results

Comparisons of considered measures across Gaussian and uniform disorder reveal qualitatively similar be-
haviour for isolated and open quantum systems. Starting with the single-barrier system, we noticed that the
phase-space trajectories, as well as the second moments, do not differ between the isolated and the open
system for a weakly interacting environment. By Eq. (4.119), the difference in the phase-space trajectories
is visible in the asymptotic region, where away from the potential barrier we can aggwhec; )i O.

Then, the solutions to the respective ODEs can be presented as follows: for the isolated system

i (1) = P2t + xg;
m (4.138)
i (t) = Pas;
and the open system
i ()= e *xgs+ —P8 ol x o)t
mCx  p) (4.139)

hoi (t) = pase *

This leads to the conclusion that if, > Othenp(t) ! 0, ast ! +1 . This decreasing tendency of
p(t) is already visible in Fig. 4.10 for the evolution of an open system, due to the scalgabfosen for
the simulations. Most importantly, however, the average momentum should be constant as time approaches
in nity, while in the case of the open system, it should decrease tow@rnasless , = 0.
In the case of second moments, the asymptotic equations of Eq. (4.120) yield

1 2
204\ 2 .2 . 2
()= 2 pas 17T Ecovas(x, p)t + Xas

HOERES (4.140)

1
cov(x;p)(t) = 5.+ COVas(X; P):

while the solution to the system for the open system is given by

2 3 2 3 2 3
() e z, Dpp
g 5(1) é = oM § e Z+ et MY D, éds: (4.141)
cov(x; p)(t) COVas(X; p) Dyp
where , 1
2t x 1 xt t 2e X xt t
€ m(p 27 © €7 om0 ¢ er
M= § 0 e 2ot 0 é; (4.142)
0 %etx e tor e tx+ p)

where the matrix form was used for convenience. Taking the tilit+ 1 we see that the isolated system's
x-standard deviation and covariance tend to in nity Whilﬁis constant. On the contrary, the same limit
applied to the parameters of the open system gives

2 3 2 32 3
2 1 1 L D
Xas 2 x 2mZ 5 p( x*+ p) mM( x* p) x PP
Pon L=fo R o {io. & e
COVas(X; P) 0 smrit s e Dxp
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keeping the asymptotic values of the second moments nite.
Unfortunately, similar asymptotic approximations cannot be applied to the case of the chain of Gaussian
barriers because the potential is no longer vanishing at in nity. This would implyh@at (x; )i & 0.
We shall, however, approximate the function in the following manner@&t(x) = F(x) and de ne
= x h xi. AssumingF is smooth, we can expand it in the Taylor series around the ean

FO)=F( +hi) F(xi)+ o d S F i)+ ;Idsz(mu) 2+ 0( 3); (4.144)
assumindh i = 0. Averaging this equality gives
HE(x)i = WXx)i F(mxi)+ 1d d” F(hxi) (x hxi)? : (4.145)

2! dx?
Omitting further terms, we see that the last term is the square of the standard deviation of position, and thus

the average momentum is coupled with second moments. The total system of equations reads
8

@hxi = %fpi x i ;

@wi= @i ) @V ) ? ot

@y i%wam 2 x §+ Dpp; (4.146)
@ 5= 2coMp;@V(X; ) 2 p p+ Dxx;

* @cov(x; p) = %5 coMX; @QV(X; ) ( x+ p)covx;p) Dyp:

We shall do the same approximation in the case of terms{xc@V (x; )), coUp; @V (X; )). Ap-

plying previous calculations to the rst expression yields co@V (x; )) @ \V(xi; ) 2 and
cov(p; @V (x; ) @V(i; )coux;p). Substituting those expressions into the system of ODEs, we
arrive at the foIIowing system of coupled equations

= %hoi N
= @Vinii ) S@uVinii )2 i
_ ECOV(X; ) 2 x 2+ Dy (4.147)
@ ;= Z@XV(hxi; ) 5 2p 5+ Du;
" @cov(x;p) = — 3 @V(xi; ) 2 (x+ peovx;p) Dyp:

For further simpli cation, the values of parameterg, Dpp andDyp are xed corresponding to the simula-
tions performed, leading to the following equations

8
@i = —fpi;
@pi= @V ) @ V(i) i i
@:Z= %COV(X; p); (4.148)

@p: Z@XV(Wll ) g 2pS+Dxx;

T @covx;p) = — é @ \V(xi; ) Z  pcoux;p):
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We notice that in the lowest order of approximation, the system strongly depends on the form of the potential
V(x; ). The most standard approach, assuming¥haan be treated locally as a harmonic potential drops

the information about the coupling between the momentum average and standard deviation of position. From
this system, we can identify the stationary points of the phase-space trajectories, that is, by assuming that
the LHS is equal to zero. The solution to the stationary problem is given by the following 5-tuple

(ki ; hpi ; )%; é; CoV(X; P)) stationary = (MXig;0; 30; [2)0; 0); (4.149)

wherelxiy, 30, So are solutions, provided they exist, to the following algebraic equations

iy @@V)(Mig: M@V (ig: )+ )= D%y Viig: )
2.2 -5 @V(txiy; ) |

Xo * Xo th'o) (4.150)
2. 2 _ m@(@V)Z(h’(io? ).
Pom P @ V(Xig; )

First of all, we shall start with the fact that it is not necessary to consider the case of the isolated system
separately, since substituting = Dy = O leads to the equivalent system of equations. The existence
of the solution to the rst equation gives us qualitative insight into the dynamics of the system around
the stationary point. It is especially important due to the Grobman-Hartman theorem [8], which states that
the dynamics of the linearised system around a stationary point is the same as that of the original system.
Knowing thathpi , = O is the coordinate of the stationary point, it would imply that the system might be
approaching the average momentum equd tr diverge from it. In the case of the isolated system, we
see that the rst or second derivative of the potential vanishes at the stationary mean position, which means
thathxi, is simply an extremum or an in ection point. In this casé0 =0 and 30 < +1 . However, the
existence of the stationary point does not mean that the whole dynamics of the system is dependent upon it,
as the Grobman-Hartman theorem works only locally. As can be seen in the phase-space trajectories of the
system of chain of barriers 4.17, the isolated system's average momentum is not appr6aahuhgeither
its average position approaches a nite value. The dynamic is visibly unbounded. However, in the case of
the open system, wherg,; Dyx > O, the rst of the equations (4.150) may produce the stationary point,
depending on the parameters of the potential and the environment. By Fig. 4.23, we suspect that this system
has a unique solution, associated with the parameters of the stationary state of the equation of motion, as
by the remark that the nonclassicality, in Figs. 4.25a, 4.25c, ten@sawt ! +1 , and by Hudson's
theorem [91] we expect the nal state to be of the type of Gaussian distribution or a positive mixed state
with parameters given by the stationary points.

Continuing with the evolution of the state, let us answer the question of how the introduction of the
environment changes the positivity of the WDF. By the de nition of the nonclassicality parameter, we can

investigate its time derivative g 7
— ()= @j%x;p;t; )jdxdp: (4.151)
dt R2
Using the fact that, in the distributional sen&g% = sgn(% @Y% we can write
z
d
o (t) = y (%x;p;t; ) @%x;p;t; )dxdp; (4.152)
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where the delta under the integral is the Dirac delta composed with a Wigner function. For the next step,
we substituted for the time derivative the form of the equation of motion (4.31), and used the Dirac delta,

interpreted as the simple layer integral [153]
A

. ' (X p)
u(x; X; p)dxdp := ——d ; 4.153
L, (UOGp) (op)dxdpi= ot (4.153)
together with its derivative with respect to the composed function, that is
z d z r'(xp) r u(x;p)
—[ (u(x;p))]" (x; p)dxdp = (u(x; p)) T —
rz du R2 jr u(x;p)j

it uGp)i © u(x:p) (4154)

" (X Ak — dxdp;

(x:p) ir u(x; p)j® P

where = f(x;p): u(x;p) = 0gis the level set of the function(x; p), and' 2 C} (R?). Performing a
few cumbersome manipulations, we arrive at the following expression

d z S G .
e (t)=2 . (%x; p; t; ))k_om > @IV (X )@ [%x;pit; )1@%x; p;t; )dxdp
. -
(%x;p;t; ))r %x;p;t; )TDr %x;p;t; )dxdp;
R2
(4.155)
where " #
p= Pw Do (4.156)
Dxp D xx

As we can observe, the time evolution of the nonclassicality parameter is strictly linked to the appearance of
negative regions of the Wigner function. The rst term on the right-hand side of Eq. (4.155) corresponds to
isolated dynamics and arises solely from the potential. In particular, if the pot€rtial ) is a polynomial
of at most second order, the nonclassicality parameter in isolated systems remains constant. This is consistent
with the results we have presented in [185]. Furthermore, the rst derivative of the potential does not affect
the time evolution of the nonclassicality parameter. In general, the only difference between the evolution
of the nonclassicality parameter of isolated and open quantum systems lies in the presence of tH& matrix
and the form ofAx; p;t; ). Considering a single-barrier system away from the potential, we may assume
V(x; ) 0. This leaves the only nonvanishing contribution associated with the environment, while the
dynamical term originating from the potential vanishes. In our scenarioD+= Dy, = 0, we have

z 2 (@axpit; )2,

d _ Oy N +- (1)) VTR 2 —
a (t)_ DXX R? (/ﬁx,p,t, ))(@/éx!p1t! )) dXdp_ DXX jr %X,p,t, )J

0;
(4.157)
and since nonclassicality parameter is bounded from belo@y e conclude that(t) ! 0" ast! +1 .
This argument remains valid for nonzedg, andDp, since Lindbladian dynamics require that the matrix
D be positive.

Turning our attention to the case of the system of a sequence of Gaussian barriers, we notice in
Fig. 4.19a, 4.19c that the nonclassicality of the unperturbed and disordered system in the isolated case
increases with time. Simultaneously, for the open system 4.25a, 4.25c , it initially increases and then in-
ects. We can associate it with the possible increase of the negative area of the WDF, which contributes to
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the second term of the right-hand side of the Eq. (4.155), surpassing the contribution from isolated dynam-
ics. A particularly interesting phenomenon arises in the case of a single barrier, where disorder leads to a
grey bandwidth of allowed nonclassicality values, regardless of whether the system is isolated 4.6a, 4.6¢ or
open 4.12a, 4.12c. In contrast, for a chain of Gaussian barriers, the grey band exhibits a different geometric
structure in the open system. The environment gradually Iters the disordered system toward a speci ¢ -
nal state, as the initially broad grey band shrinks with increasing time. This implies that the nonclassicality
parameter in this scenario is becoming disorder-insensitive.

For further analysis, we shall consider together the purity of the state and the Wigner-Shannon entropy.
According to the provided de nition, the Wigner-Shannon entropy is coupled with the purity of the state.
This is the result of the normalisation used. Namely, during our previous [97, 185, 186], we investigated
the interpretation of the Wigner function as a probability amplitude, rather than the quasi-probability distri-
bution, leading to the re ned Wigner-Shannon entropy for the Wigner function (4.125). From the fact that
kO/kEZ(Rz) = D(t; )=(2 ~),whereD (t; ) is the purity of the state, we have the following equality

Z
D(t; ) 2 ~ 0 R 0 . _
> = 2D(t; i B(x;p;t; )In 9%B(x;p;t; ) dxdp: (4.158)

For all considered cases, we observe that the entropy increases over time. Consequently, the square of

Sy(t; )=2In

WDF divided by the purity gradually occupies an increasingly larger area in the phase space. In the case
of the isolated single-barrier system, however, entropy increases only over a nite time interval, due to
the interaction with the potential barrier, as the purity is equal to the identity. Further evolution, driven
by shearing transformation, does not in uence the area occupied. Since entropy is associated with a rate
of diffusivity of the distribution, we also conclude that interaction with the potential induces spreading of
the distribution over the phase space. On the other hand, in the case of the open system, the spreading of
the distribution is simultaneously driven by the interaction with both the potential and the environment.
This continuous interaction with the environment prevents the appearance of visible plateau intervals in
Figs 4.12b, 4.12d, which were observed in Figs 4.6b, 4.6d. However, in the entropy of the open system,
the moment of interaction with the potential barrier is visible as a small in ection of the entropy curve,
aroundt 2 1C?[a.u.], not as severe as in the case of the isolated system. Nonetheless, just like in the
case of the nonclassicality parameter, the grey band of the Wigner-Shannon entropy created from different
realisations of the system tightens consequently. The entropy is strictly constrained, andkependent
deviations occur in the evolution.

The width of the band can be estimated in terms of the standard deviation of a given measure with
respect to the probability distributidn( ). Let us de ne a function (x; p;t; ) as

(x;p;t; ):=r %xp:t; ); (4.159)

thatis, a derivative or a gradient of a WDF. This rate of change of the WDF with respect to the vector
satis es the modi ed equation of motion

@ = p@ +fV(x; ) ¢
X@(X )+ D@(p )+ %Dpp@x + %Dxx@p DXp@p (4-160)
+fr V(X ), %xpit; )ge:

+
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The only difference in the form of the equation of motion f@k; p;t; ) and%x; p;t; ) is the appearance
of the driving term associated with the sensitivity of the potential to the random parameter. By the fact that
the initial condition for the equation of motion of the WDF is independent of(x; p; 0; ) = 0, we can

write a solution in the form .

t N
pit; )= et OO V(x; ) %xp;s; )ge ds: (4.161)
0

Simultaneously, let us consider any functional of the WDF. Namely, lef 1=( ~);1=( ~)]! Rbea
function such that the following integral

FIA ):= sz(%X:p;t; )) dxdp; (4.162)

is well-de ned for anyt 0. This functional encapsulates the most of the phase-space measures used to
quantify the WDF, namely fofr (u) = juj u, we regain the nonclassicality parameter, whileffew) = u?
we reclaim the rescaled purity.

Let us re-express the WDF in terms of the Taylor series with respect to the random parameter

%x;p;t; ) Y%x;p;t;0)+ r o%x;p;t; ) ; (4.163)

=0
then expanding the functidnin the Taylor series yields

f(%x;p;t; ) f %xp;t;0)+r %xp;t; )
=0 (4.164)
f(%x;p;t;0)) + fX%x; p;t;0)r  %x;pit; ) L

Integrating the expression above odedp gives the following equality
Z

FIAL )= FIAL0)+  fY%x;p;t;0)r %x;p;t; ) dxdp (4.165)
R2 -0
Notice thatF [%(t; 0) is nothing different but the measure of the unperturbed WDF. Then, the variance of
the functionalF is given by

“FI9 = E (Flul E[F[)?
Z 7
E - Tpto)r vapit; ) dxdp (4.166)

=0
YA 2

2 fA%x;p;t;0)r %x;p;t; ) dxdp ;
R2 -0

where the last expression was obtained due to the statistical independence of the coordinates of the vector

. Using now the formula (4.161) we obtain the following
z Z, 2
Flon 2 fq%x; p;t;0)) et MO v(x;0);%x;p;s;0)g, dsdxdp :  (4.167)
R2 0

We conclude that the width of the band of the realisations in this setup is only associated with the sensitivity
of the potential to the perII]urbations. Togmphasise this dependence even further, we assume that the time
instance is so shortthakp ((t s)L’(0)) %, then
z
2Fla 2 %t 0)fr V(x;0);%(x; p)ge dxdp ; (4.168)
R2
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which depends only on the sensitivity of the underlying measure funttionchanges in the values of the
unperturbed WDF, and the potential sensitivity to the disorder.

The previous formula can be applied to any measure, however, we would like to focus on the following
pair: the purity and the Loschmidt echo. Both of those measures evolve according to the following equations,
for the purity

y
SD( )=( x+ D@ ) r%pit )TDr %pit ) dxdp (4169
R2
and for the Loschmidt echo
d
EM(U)=( XE pM(t; )
+2 ~  fV(x;0) V(X; );%xp;t;0)g r %x;p;t;0)"Dr %x;p;t; ) dxdp:

R2
(4.170)
Both satisfy similar evolution equations, yet the Loschmidt echo evolution depends on one additional term,
namely the difference of the unperturbed and perturbed potentials. Unlike purity for the isolated system,
which does not vary in time, the Loschmidt echo might still exhibit changes, as the potential difference
term in uences its time derivative, as visible in Figs 4.20b 4.20d and especially in Figs 4.26b 4.26d. The
latter gure distinctively shows the irreversibility of the dynamics, as, unlike in the single barrier case, the
Loschmidt echo does not return to the initial value. This highlights its power, as purity in the case of iso-
lated systems does not exhibit any change, while qualitative properties of the system drastically change.
Opening both systems leads to natural decreas in their purities as seen in both equations. There is a possi-
bility to estimate the bound on the rate of decrease of purity, however it requires a bounded domain. Let us
assume that instead of an unbounded dorR&inve are considering some bounded domain R?, and
suitable class of function®x; p;t; ) vanishing on the boundary, that %@ = 0. Then by Friedrichs'
inequality [140, 40, 60] we have

Z
r %Pt )TDr %Gt ) dxdp  min( (D)kr %% pit; kfz,

R? . . (4.171)
min( (D)) 42, = min( O) (. .
diam() L2072 ~diam() r

Thus, the rate of decrease of purity for bounded domains cannot be greater than
t o+ min( (D))
D(t; ) € P 2@ (4.172)

where mir{ (D)) is the smallest of the eigenvaluesfand dianf) = sup .,, jx Yyjis the diameter
of the set . While it holds for bounded domains, the author was not aware of the similar inequalities for
unbounded ones, believing that for suitably weighted spaces, a similar inequality can be achieved.

Before concluding, we focus on the behaviour of the parameters of the proposed approximation of the
ensemble average. Let us recall, that we de ne the approximated ensemble averagehXVRF), as a
solution to the equation (4.114), with the initial condition in the form of the Gaussian function (4.115). In
most gures, the ensemble average's parameters nearly perfectly trace behind the values obtained for the
unperturbed system, whereas the WDF for the ensemble average is relatiesly' to the unperturbed
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WDF, given the distance (4.132). Even more signi cantly, in the case of the single barrier, the interaction
with the potentialV (x; ) temporarily breaks this similarity, after which the system returns close to the
unperturbed behaviour, as seen in Figs 4.8 4.14. This is not the case in the chain of barriers, where the
distance between those distributions initially increases to a certain level, around which it stays for further
evolution, by Figs 4.21 4.27. Tracing the evolution of the parameters of the approximated ensemble aver-
age, we can conclude that they do not resemble the parameters of the real ensemble average WDF. The
values are generally over- or underestimated, while some similarities can be found in a very short time.
However, the distance between approximation and ensemble average or the unperturbed WDF increases
quickly, saturating the distance up to a nearly maximal value. This would imply that the time-proportional
decoherence term in Eq. (4.114) suppresses the initial state very quickly in comparison to the decoherence
associated with averaging the realisations of the system. Let us consider one more property of the system
under study. In general, it is expected that, for eaclthe initial value problem given by (4.31) possesses
what is known as a stationary solution. It is de ned as the limit of the solution to the initial value problem
ast! +1 [3,77,188]

% (xp; )= lim 9% pit; ): (4.173)

Although the existence of such solutions was proved for the Fokker-Planck equation with harmonic poten-
tial [5, 158], these results do not cover the case of a time-dependent dissipative term, as presented in our
approximate solution. From the form of the equation of motion (4.114) we observe thiat forl, the
following relation holds

X
@%= fV(x);%p+t 2 (@ Vvi(x;0)°@,%; (4.174)
k
P
Introducing the effective dissipation functi@ngs (x) := 2 | (@, vk(X; 0))? the solution to this equation
can be expressed as Z
%x;pit) = R(x:pYK (x; p; p%t)dp (4.175)
R

where R(x; p9 is an unspeci ed time-independent asymptotic function of the system, and the kernel
K (x; p; p%t) has the following form

Z
K (x:p: p° 1) = Zi o HIVOHE) Vx D] e 00y gly(p P dy: (4.176)
- R
From this expression, it follows that
Z Z
Ot et — . R} 0 1 ; e 0 0
%P = RGPOK(GppSdp”  p=——co— jR(x;p9jdp® (4.177)
R 2D et (X))t R

Thus, as long as the integral of the RHS is nite, the solution tends pointwiSgast ! +1 , for all x

such thaDg¢ (x) > 0. The bound of the function is independent of the type of potential, since the potential
only contributes oscillatory terms, which vanish under the modulus. In the case of an ensemble of single-
barrier systems, each perturbed by the random vectibre average potenti&l(x) is expected to be mostly

con ned around the meax = 0. This corresponds to the regions whéréx) > 0and where the dissipation
occurs, as shown in Figs. 4.6 4.12. During further evolution, whgpe) 0 and alsoDess (X) O, the

decay of a function slows down. This effect is visible in the same gure, where the nonclassicality parameter
exhibits in ection around 3 10° [a.u.]. In contrast, for the open system, the decoherence introduced
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by the environment enhances dissipation, suppressing nonclassicditamnad driving%! 0. Certainly,

the average potential (x) has a more exotic form, in the case of multiple Gaussian barriers, as it does not
exhibit a typical asymptotic of the barrier, thatis(x) ! 0" asjxj! +1 . This property in uences the
effective dissipation termD ¢+ (X) asDegs (X) > 0 almost everywhere, leading to the rapid disappearance

of the approximated solution. Those results are supported by the distance measures 4.21 4.27, as they do not
decrease during the simulation period.

Nonetheless, for each realisation of the ensemble in the single barrier case, we expect that advection in
the position variable, resulting from the absence of a con ning potential, dominates the dynamics. This
implies that whether the system is isolated or open, long-time behaviour is governed primarily by advection,
with additional momentum spreading in the open case. Consequently, no stationary state is expected. In
contrast, the ensemble of chains of Gaussian barriers, the constant interaction with the potential suppresses
the advection in position and momentum, allowing for the formation of the stationary state for each case.
However, the form of this state is unknown and must be investigated separately.
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Summary and perspectives

The phase-space approach to quantum mechanics provides well-structured and intuitive tools, closely re-
lated to the mathematical framework of classical mechanics, for analysing the dynamics of various complex
guantum systems. This strong connection to the classical formalism has motivated its application across
various areas of physics, typically through slight modi cations of the underlying Moyal equation. Examples
include the study of carrier transport in semiconductors via the Wigner-Boltzmann equation, or the evolu-
tion of relativistic plasmas described by the Wigner-Vlasov equation. Moreover, this formulation facilitates
semiclassical analysis, since its classical counterpart, the Liouville equation, has already been extensively
studied. However, several challenges remain, one of which is the dif culty of determining whether a given
Wigner function corresponds to a physical quantum state without referring back to the density operator.
More signi cantly, the phase-space approach inherently doubles the number of variables required to de-
scribe the system. Although this issue is hot a major obstacle in theoretical analysis, it imposes substantial
limitations on the numerical implementation of computational algorithms.

Throughout this work, many of these challenges have been encountered. Still, the use of phase-space
methods for open quantum systems offers clear advantages, particularly in terms of interpretability. The
results presented in this work can be summarised in three main steps: (1) the derivation of the equation of
motion for the Wigner function of an open quantum system, (2) the development of a numerical algorithm
and a split-operator scheme for subsequent calculations, (3) the derivation of the equation of motion for
the approximated ensemble average Wigner function, and the analysis of numerical results for the phase-
space characteristics of the quantum system. We began with the phase-space formulation of the evolution of
the total system, where integration over the bath degrees of freedom was carried out, along with a series of
approximations. These included the assumption of weak interaction between the system and its environment,
allowing for separability of the Wigner function of the total system; the Markovian approximation, which
neglects memory effects; and the secular approximation, which averages out non-resonant terms in the
equation of motion. Although this approach proved successful, the author's initial aim was to obtain the
equation through a derivation more directly related to phase-space quantum mechanics. The nal equation
of motion of the system consisted of the Hamiltonian of the isolated system in the form of either a Gaussian
barrier or a chain of Gaussian barriers and a linear Lindblad operator. To solve this equation, we employed
the split-operator method, rewriting the exponential of the full operator as a product of separate exponentials,
up to a certain approximation error. However, we found that the kinetic and Lindbladian parts of the operator
can, in fact, be separated exactly. This result improves the algorithm, as no approximation is needed to
separate these contributions, which greatly simpli es the implementation.
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Although this work has focused on two speci ¢ potential models, a more general analysis of phase-
space parameters in quantum systems is clearly required. Given the extent of this topic, several directions
for future research emerged during the preparation of this thesis. The rst, currently under development, is
the construction of a general splitting scheme for quadratic operators. We have found that an exact splitting
method can be achieved for such operators, yielding precise solutions in terms of Fourier transforms without
the need for approximation. A second direction of research concerns the analysis of the Lindblad equation
for Cohen-class functions, i.e., functions expressed as the convolution of a kernel with a Wigner function.
We have already demonstrated that for the family of the so-caléfigner functions, the Lindblad-Wigner
equation of motion introduces imaginary terms dependent on the diffusion coef cients. Finally, the study of
symmetries in disordered open quantum systems, along with the conditions for the existence of steady-state
solutions, represents another promising direction for further investigation.
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Appendix A

Useful de nitions and theorems

De nition A.1. [74] LetH be a vector space over el@d. We callH aHilbert spaceif:
1. Itis equipped with a sesquilinear inner prodigti : H H'! C (inner product space);

2. Itis a complete metric space with respect to the norm induced by inner product (convergence of all
Cauchy sequences).

Moreover, we say thatl is separableHilbert space if there exists a dense, countable subdét of
An element belonging to the Hilbert space is callestate vector

De nition A.2. [138, 128, 80] LeH; H , denote a set of all linear combinations of formal products of
the type for 2 Hj;and 2 Hj. A tensor producbf Hilbert spacedd, H,, is a completion of
Hi1 H > with respect to an inner product de ned as

ha  1j 2 20=haj 2y, haj 2y,
for 1; 22H4q,and 1; 2 2 H . Moreover such de ned space is valid Hilbert space.

De nition A.3. [10] Let A be a linear operator de ned in a Hilbert spad¢A) H 1 with image inH,
A(D(A)) H . Moreover, letk k., ;kk,, be norms in respective spaces. We say fia abounded
(continuou$ operatorif

9c>08 2D(A): A ck Ky, (A.1)

H>
The smallest such constanis called thenormof the operatoA.
By B(H 1; H2) we shall understand theet of all bounded operatofsomH, toH,, and ifH = H1 = Hy,
thenB(H1;H2) = B(H) .

De nition A.4. [138, 10, 16] LeH ; andH be two Hilbert spaces with inner produtt$i,, hji, respec-
tively. If there exists a linear operat®r: H, ! H 5 such that
D E
0 0 szhj iy, (A.2)
holds forall ; 2 H; then we say thatl ; andH , areisomorphic If two space coincidéi; = H, = H
and of the domain and range of the operator are equidl,toamelyD (0) = Ran(0) = H then we say
thatU is aunitary operator.
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De nition A.5. [138] LetH be a separable Hilbert space with inner produgt and letf' ng’,;zll be an

orthonormal basis. For a positive operafowe de ne thetraceof A as a number

%1 D E
Tr A = WA (A.3)

n=1

The trace is independent of the chosen basis.

De nition A.6. [78, 24] LetH be a Hilbert space. Bi. we denote a set of all operatofsoverH for
which the trace h i
T AR <1 (A.4)

is nite. Additionally, we de ne a sesquilinear formtj:i : L L ! Cgivenas
D E h i
AB =Tr AB : (A.5)
The pair(L ; hj:i) is called theLiouville spaceand it is a proper Hilbert space [138].
De nition A.7. An operator” acting on elements of Liouville spateis called asuperoperator

De nition A.8. Letu 2 CK(R") be ak differentiable function de ned oveR" with coordinatesx =
(X1;X2;:::7;Xn). We de ne them-th,0 m  k multi-index derivative as

@'u
DJu(x) = A.6
where 1+ o>+ i+ = m.
Analogously we de ne then-th multi-index power of vector variabbe, that is
XM= X 1,2 00X, (A.7)

where 1+ o>+ :::+ = m.

De nition A.9. [153, 50, 123] LetS(R") denote the space of in nitely differentiable functiohgx)
de ned overR" for which the following inequality holds

8 0 Osupjx D 'j<+1 (A.8)
X2R"

then we callS(R") the Schwartz spacer the space of smooth, rapidly vanishing functions.
Theorem A.1. [50] The following inclusion holdS(R")  L?(R") and the Schwartz space is dense in
L2(RM).
De nition A.10. [153, 60, 123] AFourier transformofa’ 2 S(R)" is an integral transforr : S(R") !
S(R") de ned as 7
F' =
FOO)= Gz

with an inverse given by Z

1
(Fl)():WR

' (x)e X dx; (A.9)

(x)e>* d"x: (A.10)
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Theorem A.2. [60] The previous de nition of Fourier transform can be used for functiorisifR"). Then
"2LYR? =) F ' 2 LY (RM.

De nition A.11. [146] LetB be a normed space, that is a vector space with a de ned kdenthen we

say thatB is a Banach space if it is a complete space, hamely every Cauchy sequence is convergent to an
element of this space.

De nition A.12. [141] LetB be a Banach space. The family of bounded linear operétd¢s)g,t 0Ois
called astrongly continuous semigroufit satis es the following conditions

« O@t+s)= 0@)0(s)fort;s 0
« 000)= 1

« the mappind0;+1 ) 3t! O(t)v is continuous for every 2 B.
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Appendix B

Exact solution for polynomial potentials of
order at most 2

In this Appendix, we will consider a quadratic poten¥&lx) = ax2 + bx+ cwith a> 0, b;c2 R to seek
a general solution for the evolution equation. First, let us recall a form of the Lindblad-Wigner equation for
such a potential

1 1
@Y= %@% ax@%+ b@%+ ,@(PB+ QXN + lix@p%F EDDD@X% Dxp @, % (B.1)
Using Fourier's transform with respect (g; p) variables we arrive at
, 1
@7%= E@% ay@%+ iby% @ % py@% > DuxY?+ Dpp 2 2Dy %  (B.2)

or equivalently

1 1 1 .
@%+ (ay+ x )@%t+ pY m Q%= éDxxy2 éDpp 24 Dyxpy + iby %; (B.3)
that leads to the characteristic equation
dt d d d%
_ = = y — = i 1 - : (84)
1 ay+ « oY o szxy2 5Dpp 2+ Dypy + iby %
and further, it can be written as a system of ordinary differential equations
8
3% =ay+
dy _ 1.
§ di)t/ = Y mo (B.5)
. %ut% - %DXXY2 %Dpp 2+ Dypy +iby %;
where two matrices were introduced
n # n #
a D D
= . D= PP x® (B.6)
m P Dxp DXX
For upcoming manipulations, we decided to write this system in the following matrix-scalar form
8
<dv _—
& = v
9 (B.7)
- @ = LyTDv+ibTv %;
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wherev = ( ;y )T. By the results in the theory of systems of ordinary differential equations, the rst pair
is solved by the following vectov = exp(t )! where! is a vector of integration constants. Then, the
second equation can be rephrased as

d% 1 T
kg 1 T t t I+ T At I . .
ot > e De i b'e %; (B.8)
which can also be directly solved via the following function
1 Z Z
%iyit)=(Nexp 1T € "Det dt! +i bT € dt ! : (B.9)

l=etv
The integrals within the exponential can be evaluated directly if needed. However, we notice one peculiarity:
the rstintegral in the expression on the RHS yields a symmetric matrix. To see this, we mark that such an
integral is equivalent to nding a solution to the Sylvester matrix equation [14]

"X+ X = D: (B.10)

which results from the time derivative of the following expressiexp t T X exp(t ) that might be as-
sociated with the antiderivative of the initial integrand, only if the Sylvester equation is satis ed. Moreover,
assumingD is a symmetric matrixD" = D, we obtain the associated equation for the transpo¥e of

X" + TxT"=nD; (B.11)

that coincides with the initial equation. According to Sylvester theorem [90], this equation has a unique

solution, for anyD, if and only if ( ")\ ( ) = ;,thatis, T and  do not share a common
eigenvalue. By the standard result of matrix algebra, a transpose of a matrix has the same eigenvalues, and
thus former condition can be rephrased &3 \ ( ) = ;, meaning that there are no pairs of the type
(; ) within the spectrum of matrix. Assume for now that() = f 1; 29, then
x T+ p= 1 + - (812)
and
a
X p+ m = 12 (813)
imposing » = 1= , we have the following system of equations
8
< -1
0 =1(,+
2 x* o) (B.14)
- a.
= xp om

If no such can be found, then the Sylvester equation (B.10) has a unique solution and thuXT,
meaningX is symmetric. Bearing that in mind, we arrive at the following conclusion, the solution to the
Lindblad-Wigner equation for the potentidlx) with initial condition%(x; p) is given by a convolution of

a Gaussian with the functid¥(x; p). Even more, if the initial state is given as a Gaussian function, then the
solution, at all time$ > 0, is still Gaussian thus, a set of Gaussian functions is invariant under the evolution
generated by the Wigner-Lindblad operator for the potential associated with aPntbstder polynomial.
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Appendix C

The scaling operator implementation

Recall that the scaling operat8i[12]
8f(x):= f(x)= &l xX&f (x) (C.1)

can be expressed as
f(x)= i dgli x*d dd x*f(y) (C.2)

The general issue encountered in the given expression is the size of the grid of the conjugated space to the
variablex. From Fast Fourier Transform implementation, we know that being given an initial grid with an
amplitudeX nax and sizeN

X =( Xmax; Xmax + X;:::5 00 Xiii0 X max X); (C.3)
the set of conjugated variableshas the amplitude equal to

maxL = 7: (C.49)

Thus, if one considers highly populated grids with small amplitX¢ey 1l andN 1, thenmaxL

is a huge number. This implies that, especially near the endpoints of the conjugated interen tihe’

takes values that might contribute to numerical errors. To omit this issue, we take a step back to investigate
the de nition of a scaling operator, precisely its expone@ . We shall de ne it as a special case of the

Weyl operator
1

2
By this de nition, we notice that the simultaneous divisionxoby some constant, and the multiplication

x@ =W ix (C.5)
of by the same constant, does not change the initial expression

x@=W i%() % : (C.6)

This allows us to rescale each grid considered by a constatiminishing the numerical errors appearing
due to the exponential function, without changing the value of the total result.
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Appendix D

Example of averaged dynamics

Let us consider a simple closed system whé(e; ) = Ex, whereE is a random variable with mean

hEi = 0 with PDF P(E). For simplicity, we set the Lindblad operator fioto see the in uence of the
averaging procedure upon the averaged evolution. We can approach solving the equation of motion in the
case of a Gaussian state as an initial condition. This leads to the following equation for the system

@%= p@%+ EQ%; (D.1)

whereas for the averaged system, the approximated equation is

@v= p@w+t@,w; (D.2)
where = E? . Both equations can be solved in terms of the Fourier transform, leading to
z
%x; p;t;E) = o(x® POK 1(x% p% x; p; t; E)dxHp®
Vi (D.3)

w(x; p;t) = . o(x% pAK 2(x% p% x; p; t; E ) dxHp®

where
00y e Y — 0 t? 0 .
Kl(vauXap:taE)— X X+pt 7 (p p+ Et),
_ (D.4)
KX pit) = o e IR 8pe2op a2 pis(x 7],
Then, the averaged result for different realisations of the amplitude parametesimply
Z Z
R(x;p;t) = ox%pd  P(E)K1(x%p®x;p;t; E)dE dx%dp® (D.5)
R2

The general difference between the two solutions is given by the kernels of the integration, thus, we are
interested in discrepancies occurring in
Z E£t2

Ki= P(E) x° x+pt Tt (° p+Et)dE:%P

0
t

P~ p 0

X X %(p°+ P
(D.6)
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and
3 9 1 2
Koz 5exp o (P +3p%+2pp) + St@pXk® 2p% po+(x x)? (D7)

To visualise the discrepancies between two kernels, a common initial condgienp) was considered in
the form of a multivariate Gaussian function with mear 0 and covariance matrix, namely

1 1/, .
O(X; p): 5 pdet e é(X,p) 1(va)T; (D8)
with I
11 12
= co1 2> 00 112 % (D.9)
12 22

being the covariance matrix. Then, the solution to the initial value problem (IVP) is given by

Z
ROGPID) = —pi—  P(E)e 3( 57¢pt xp E) 1 Seent xp E)' g
2 det
Z
_ 1 P(E)e lz A1 )TAT 18z A1 )dE
7 det (D.10)
= PENgp A ' GE)A® *(AMT) © dE
Z
= P(E)Ngp A(t) GE)AC Y AC 1T dE;
wherez = (x;p), [
1 t
A=A = 0 1 A) 1= A( t)rdethA=1; (D.11)
and = (tE)= %tZ;Et T.Complementarily,thesolutiontothesecond IVP is given by
0 1
6( 22+ t? 2(3 12+3 ot +t3
2(xp)B (22 ) 3 4 ( 122 22 ) R ocp)"
WX pt) = e 283 12+3 pt+t° ) t* +6 ptc+12 12t+6 11 ;
(D.12)

where = ( t;; 11; 22, 12)=2 2t5+18 t*+48 5t3+36 11t2+36j j. The statev can be
rewritten in a much more appealing form

Wi p:t) = gl e txmtxe)T o N©:" b (D.13)
2 iy
where !
6( 2o+ t2 2(3 12+3 pt+t3
A 6 ( 22 ) B 12 22 ) ; (D.14)

2(3 12+3 pt+t3) th +6 2t2+12 pt+6 11

sow is just a Gaussian function centred aro@nith the covariance matrix given by 1. As an approach
to distinguish between these two states, we calculate two metrics, the normalised Hilbert-Schmidt norm

aRr
[%a(x;p;t)  %(x;p;t)]2dxdp
di(%: %) = &R g

n

(D.15)

4R ;
K(x:pit)dxdp+  %B(x:p;t)dxdp
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and normalised overlap function

R
0 - n-t)0, “ A
(% %) =1 G %(x; p; 1) %(; p; t)dxdp

%(x;p;t)dxdp  %(x; p;t)dxdp

as these two measures can be directly translated from the density matrix approach in terms of the Weyl trans-
form. Both functions considered are in the Gaussian form with resp€xt ) variables, thus calculations
can be conducted analytically. The distamgebetween the approximated stateand the mean staR is

equal to
3 1 ZZ
di(w;R) = S P=+ P(E)P(EIN e)( (tEY;2) dEAE®
z 1
2 P(E)N 0; A A T+A1dE%
( ) A(t) (t;E)( , ( t) ( t) ) (D.l?)
" i ot
> P(E)P(EIN (e)( (tE9;2) dEME® :

whereagl; is given by

P(E)Ng (E;t)(o;/&( t) AC )T+ " HdE
q __ . L L
2 4 P(E)P(EIN (e)( (tE9;2) dEE®

N
N

da2(w;R) = (D.18)

N[

N =
~ooccoe<

The simplest check for the validity of the results presented is taRifig) = (E), which simultaneously
implies = 0, by the previous assumptidii = 0, and the dynamics resembles that of the free particle
for both equations. Then

di(w;R) = do(w;R)=0: (D.19)

This equality should also hold for an arbitrary probability distribut®{E ), att = 0. For further analysis,

we consider distribution® (E) such thatlEi = 0 and0 < (E) < +1 . As a rst distribution, the
continuous uniform distribution is considered with the domain extending over the inEe2dl 1; 1], thus

P(E) = 1=2. As a second case, the Gaussian distribution centred afbisrabnsidered. For simplicity and

to reduce the number of parameters, the standard normal distribution will be used, EhatNs,g (O; 1).

Last but not least, a generalised Gaussian distribution centred afoer@ will be considered. As depicted

in the charts, the discrepancy between two WDFs increases quickly throughout the evolution, To provide
the order of change of the (t) with respect to time, a log-log scale was applied to the chart, and linear
regression was performed. The tangent coef cient was equal@® which suggests that far 1 the
order of increase in distance is df(t)  t3. To keep states closer to each other, one may sharpen the
probability distribution aroun& = 0, as by the previously mentioned property, RfE) = (E) one has
di(t) = do(t) = 0.

D. Wozniak Dynamics of Quantum State: Phase-Space Approach



D. Example of averaged dynamics 94

Figure D.1: Comparison of the distance functi@hgt); d(t) for different probability distribution® (E).
Starting from the left: the uniform distribution, the standard normal distribution and generalised Gaussian
distribution

Figure D.2: The distance functiom(t); d»(t) for normal distribution with standard deviation= 0:01
The similarity of the states holds longer than in previous cases, for both measures.

This is rather a property of system considered, than the general trait of the averaged system.
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Appendix E

The 2 formula for considered
distributions.

In this appendix, we would like to show the exact form for the? operator present in the approximated
equation of motion for the averaged WDF. We will consider a ran@@h + 1) dimensional vector with
uncorrelated entries. Each random variable contributing to this vector will be drawn from either a uniform
or a Gaussian probability distribution. Before providing an explicit formula for probability distributions, we
will simplify the 2() expression (4.94). We keep= 1 throughout the calculations.

z - i~ 2
- p; d

() :

I
T
<
x
+

°
<
x

2r P (E.1)

I
T
~
N—r
<
N
x
=+
!
©
=+
<
N
x

2V x+grp;t; V X %rp; d:

Recall, that the minus sign is a result of a composition of two Moyal brackets. Let us introduce an operator
R =X izr p- Then using the de nition ofV (4.93) this expression can be simpli ed to the following
Z
20) = P() V%2R +V22gr; 7AVAR S VAR S
(E.2)
V&) + V3R ) VRNV )

Consequently, to calculate the correction to the dynamics, we have to nd the following quantities

z

V3% ;) P()V3(% ; )d ; (E.3)

and 7

V&Y V& ;) P()VER"; VE ; )d (E.4)

We will use the following notatioN (x; ; ?2) for thex-dependent Gaussian distribution with meaand
deviation . Now, we calculate all the expressions using the following forms of the PDB:
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E.1 The Gaussian distribution

We considered a constituent PDFs in the following form
1 1 2
f(k)=pzje wZ k= N( ;6w (2R; (E.5)
w

then the full probability distribution for the random vectois
W 2N +1

P( )= f( )= % e w7l 12 (E.6)
k= N w

Recall that the mean potential eld is given by the following formula (4.99)

Vo X (x k)2 X ) )
Vo) = po=e—s @ XTI =V Nk %+ wd); (E.7)
then we get the following expressions:
X 1
VAR 5 ) =W N kiskai 2w?+ %) N R okt ko) 5w+ )
kiko= N
k16 ko (E8)
v2 X 2
+ —po N % k; —+w? ;
2 2
k= N
and furthermore
X
V&Y V& ) = Ve N 2" :ki;w?+ 2N R jkojw?2+ 2
kik2= N
k16 k2 (E.9)
)(\l + + 2
k= N

Then, the expression (E.2) can be rewritten with the help of the following differences

vg X 2
V(& ;) v%u:% =N 5&;k;7+w2
k= N (E.10)
1 2+ w?
p———=—N 2 ;k
2+ w2 T ’
and
)(\I k+ +y 2
VY WVE ) VEDIVE )= V2 N@&* 2 ;0,2 )N — kw24 -
k= N
N &";k; 2+wi)N(&R ;k; 2+w?) :
(E.11)
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E.2 The uniform distribution

We considered a constituent PDFs in the following form
i . .
f(0=5— G ) (E12)

then the full probability distribution for the random vectois given by

W 1 2N+
P()= f(k= 5 : (E.13)
k= N

Recall that the mean potential eld is given by the following formula (4.99)

Vo X X+ Kk +x k
Vi(Xx) = T erf 4927 +erf 4927 ; (E.14)
k= N
with it, we get the following expressions:
ve X +k, & +k, &V~
V& ;) = 16% 5 erf u—pl,i erf V—pz,i
ki;ko= N 2 u= 2 v=
k16 k2
Vo2 X u+ k R u=
+ h ef ——M—— ;
k= N u=
(E.15)
and complementarily
vg X +ky &Y +k, &
VRS V(@& ) = -0 erf 275 % ef V1%
16 2 2 2 - 2 =
kiko= N u \Y;
k16 ko
2 X + X + u=
+V—0N gt R 022 erf 4 K X+ X
4 2 -
k= N u=
(E.16)
Thus, in general, we can express the differences present in Eq. (E.2) as
vg X +k R k +%
V& ;) V2R )= gal’iz ef —— — +erf ———
k= N (E.17)
veg X +k R K +X
16 2 2 S S
k= N
whereas mixed terms can be written as
V2
VAR VR 5 ) VERVER )= -NET R 5029
X 2k +X* +X +2k &Y R
erf + erf
e N 2 2
(E.18)
ve X +k R K +5&*
ef —p—+— +erf —p—"—
1622 2

+ k R k +%
ef —p—— +erff —p———
2 2
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Both cases lead to overcomplicated expressions, and any way of implementing them numerically seems
futile, bearing in mind the possibility of encountering an in nite series of operators. However, the operators
R, under the Fourier transformation, can be re-expressed a}a/ wherey is a Fourier variable associated
with momenturnmp. In conclusion, both expressions can be implemented, and the behaviour of the proposed
equation of motion for the averaged WDF can be investigated. However, this was not the approach we used
in this work, as manual rewriting of such expressions is error-prone, and thus statistical estimators of those
expressions were used instead.
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Related articles and copyright statements

» The article:Wignerian symplectic covariance approach to the interaction-time problem [185]
According to the Scienti ¢ Reports policy, the reprint of the manuscript within the thesis is guided
by the Nature Portfolio guidelines, which stafaithors have the right to reuse their article's Ver-
sion of Record, in whole or in part, in their own thesis. Additionally, they may reproduce and make
available their thesis, including Springer Nature content, as required by their awarding academic
institution!

L Author reuse section in: https://www.nature.com/nature-portfolio/reprints-and-permissions/permissions-requests#types,
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