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Abstract

The subject of this doctoral dissertation is the dynamical analysis of open quantum system in the presence of

random potential perturbations using the phase-space formalism. Using the Stratonovich-Weyl quantisation

scheme for a one-dimensional system interacting with an N -dimensional environment, the equation of mo-

tion for the Wigner function was derived from a microscopic perspective. Due to the adopted assumptions,

the results obtained refer to weakly interacting memoryless systems. The resulting equation of motion, af-

ter assuming a linear expression for the Lindblad symbol L(x; p) = ax + bp, a; b 2 C, was expressed in

operator form, and subsequently, the second-order split-operator method was applied. The time evolution

generator was expressed as the sum of four operators, for which a commutation table was prepared. As a

result of the calculations, it was observed that the part of the generator not containing the potential term

can be separated exactly, thereby reducing the number of applied Fourier transforms. Next, the equation of

motion for the approximated averaged Wigner function of the statistical ensemble was derived, yielding an

equation with a diffusion coefficient that is linearly dependent on time, the perturbation strength, and the

second derivative of the potential. As model systems, a single Gaussian barrier and a chain of such barriers

were considered, and each of these systems was then perturbed by a random vector whose components were

independent random variables. For such prepared potentials, the equation of motion for the Wigner function

was solved numerically using the split-operator method, with a common Gaussian initial condition. In the

C++ implementation of the algorithm, the Fast Fourier Transform (FFTW3) was employed. The dynamical

analysis of the studied cases was based on the following measures: statistical - averages, standard devia-

tions, and covariance; phase-space - nonclassicality parameter and Wigner-Shannon entropy; state - purity

and Loschmidt echo; distance - the L2(R2)-normalised distance between the solution for the unperturbed

potential and the approximate solution. These measures were used to study the influence of the environment

on the dynamics of the open system. Additionally, the existence of stationary states for the studied cases

was analysed.
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Streszczenie

Tematem rozprawy doktorskiej jest analiza dynamiczna otwartych układów kwantowych w obecności

losowego zaburzenia potencjału przy użyciu formalizmu przestrzenno-fazowego. Wykorzystując schemat

kwantyzacji Stratonovicha-Weyla dla jednowymiarowego układu oddziaływującego z N -wymiarowym

otoczeniem wyprowadzono, w ujęciu mikroskopowym, równanie ruchu dla funkcji Wignera. Ze względu na

przyjęte założenia, uzyskane wyniki odnoszą się do słabo oddziaływujących układów bez pamięci. Otrzy-

mane równanie ruchu, po przyjęciu liniowego wyrażenia na symbol Lindblada L(x; p) = ax+ bp, a; b 2 C,

zapisano w języku operatorowym, aby następnie przystąpiono do zastosowania metody split-operator

drugiego rzędu. Generator ewolucji czasowej został wyrażony przez sumę 4 operatorów, dla których przy-

gotowano tabelę komutacji. W wyniku przeprowadzonych obliczeń zauważono, że część generatora nieza-

wierająca części potencjalnej może zostać odseparowana w sposób dokładny, obniżając tym samym liczbę

zastosowanych transformacji Fouriera. Następnie wyprowadzono równanie ruchu dla przybliżonej uśred-

nionej funkcji Wignera zespołu statystycznego, otrzymując tym samym równanie ze współczynnikiem dy-

fuzji zależnym: liniowo od czasu, rzędu zaburzenia oraz drugiej pochodnej potencjału. Za modelowe układy

przyjęto pojedynczą barierę gaussowską oraz łańcuch takich barier, a następnie każdy z tych układów

zaburzono o wektor losowy, którego współrzędne były niezależnymi zmiennymi losowymi. Dla tak przygo-

towanych potencjałów rozwiązano numerycznie, metodą split-operator, równanie ruchu dla funkcji Wign-

era, przy wspólnym warunku początkowym w postaci funkcji Gaussa. Przy implementacji algorytmu w

języku C++ zastosowano Szybką Transformatę Fouriera (FFTW3). Analizę dynamiczną badanych przy-

padków oparto o miary: statystyczne - średnie oraz odchylenia standardowe i kowariancję; przestrzenno-

fazowe - parametr nieklasyczności oraz entropię Wignera-Shannona; stanu - czystość oraz echo Loschmidta;

odległościowe - znormalizowana do jedności odległość w przestrzeni L2(R2) między rozwiązaniem potenc-

jału niezaburzonego oraz między rozwiązaniem przybliżonym. Przy ich pomocy zbadano wpływ otoczenia

na dynamikę układu otwartego. Dodatkowo, podjęto się analizy istnienia stanu stacjonarnego dla badanych

przypadków.
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Introduction

Throughout history, we have been taking part in the constant, unending race between experimental methods

and theoretical models in physics, where at different periods one took over the other to pave the way for

scienti�c research. Focusing on events after 1900, when Max Planck revolutionised physics by solving the

problem of black-body radiation, we have seen massive growth in the research and scienti�c community,

a renaissance of physics, where new ideas were born on the spot while others died nearly as quickly. A

great overview by Styer et. al. [164], shows the diverse formulations of the quanta theory since Planck's

discovery. We shall focus on one particular formulation of quantum theory, namely, the phase-space ap-

proach. It is built on the quasi-probability distribution function known as the Wigner function, in which the

positionx and momentump variables are treated on equal footing. This formulation lays the groundwork

for a similarity to statistical mechanics, however, the algebra betweenx andp is non-commutative [43] in

this formulation. Moreover, the emphasis shifts from the probability amplitude to a new statistically proper

measure, the Wigner distribution function (WDF), de�ned on the phase space. Its equation of motion is

known as the Moyal equation, which, when written in differential form, can be treated as a quantum analogy

to the classical Liouville equation but with additional terms resulting from quantumness of the system [29].

Those are represented by the power series of the Planck constant multiplied by the higher-order deriva-

tives of the potential, and the momentum derivative of the WDF. The beginnings of this formulation can

be traced to the work of H. Weyl [181], J. von Neumann [176], E. Wigner [182], and H. Groenewold [76].

Their results were synthesised by J. Moyal [126], who, from a statistical perspective, demonstrated the

similarity between this new framework and fundamental quantum theory. In particular, Moyal calculated

expectation values of observables, connected them to the Heisenberg uncertainty relation, and revealed that

the underlying structure is generated equivalent to the deformed Poisson bracket, which in turn led to the

evolution equation for the WDF. However, it should be noted that the agenda behind von Neumann's work

was not concerned with the phase-space approach but rather with the Stone-von Neumann theorem. Never-

theless, the von Neumann's results were closely related to and, in fact, identical with those later obtained

by Moyal [85]. In the end, the phase-space approach was elevated to the status of a statistical theory, equiv-

alent to Schrödinger or path-integral formulation of quantum mechanics. Controversial for some and even

unsettling for others [86], it nevertheless offers the best of two worlds, classical and quantum, and continues

to direct research toward semiclassical analysis [27], non-commutative geometry [36], pseudodifferential

operators theory [121], quantum trajectories [18], and Bohmian mechanics [84].

With current technological advances, we can experimentally verify posed theories or build new ones

that explain the results. This progress has led to device dimensions so small that quantum effects can-
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not be ignored, nor can devices be treated as isolated systems. For example, environmental effects

in nanoscale systems can cause decoherence, which in�uences the dynamical properties of these sys-

tems [191, 190, 67, 189, 192]. The moral of this observation is that quantum effects, such as tunnelling

or the superposition of states, can no longer be considered solely in terms of isolated or closed systems,

they must be treated as open systems interacting with their environment. The �rst attempts to describe such

systems were made by Wangsness and Bloch [178, 20] and later extended by Red�eld [137]. In their work,

Wangsness and Bloch derived a general Boltzmann equation for the density matrix. Red�eld, inspired by

their results, proposed a systematic procedure for deriving a suitable master equation describing a spin sys-

tem coupled to a thermal bath. The equation introduced is known today as the Red�eld equation, and remains

the standard starting point for the microscopic derivation of the Gorini-Kossakowski-Sudarshan-Lindblad

(GKSL) equation. The GKSL equation, independently discovered by Lindblad and Gorini, Kossakowski,

and Sudarshan, represented a breakthrough in the theory of open quantum systems [112, 72]. It was derived

on the basis of rigorous mathematical assumptions about the density operator of an open quantum system.

The key result of these works was the general characterisation of the generator of open-system dynamics,

which guarantees complete positivity, trace preservation, and hermiticity, ensuring that the time evolution

maps quantum states to valid quantum states. Today, the GKSL equation is regarded as the natural gener-

alisation of the von Neumann equation, extending the description of time evolution from isolated or closed

quantum systems to the open ones. Naturally, the GKSL equation is not theequation of everythingfor open

systems as it has important limitations. In particular, it does not include memory effects in the system. Sub-

sequent research has therefore developed alternative approaches, such as the Nakajima-Zwanzig equation,

which incorporates memory kernel explicitly [127, 193], and the time-convolutionless (TCL) approach intro-

duced by Shibata [156, 155], which instead encodes the memory effects of the system in a time-dependent

operator rather than an integration kernel. In addition, stochastic methods have also been developed and

play an important role in the theory of open quantum systems. For a broader overview of these and other

approaches, see Ref. [25].

The thesis consists of four chapters followed by a summary, where we also outline perspectives for

further research. Its structure is as follows. In Chapter 1, we introduce the standard formalism of quantum

mechanics. We begin with the notion of the abstract state vector and extend it to the density operator, moti-

vated by the distinction between pure and mixed states. We discuss its key properties, the evolution equation,

and the solution for a given initial condition in the case of isolated and closed systems. The chapter pro-

ceeds with an introduction to the tensor product Hilbert spaces, preparing the ground for the description

of open-system dynamics via the GKSL equation. Finally, we brie�y present the Nakajima-Zwanzig equa-

tion, which extends the GKSL framework to non-Markovian cases. In Chapter 2, we present the central tool

of this thesis: the phase-space formulation of quantum mechanics. We begin with a comparison between

classical and quantum phase spaces and the probability functions de�ned on them. Next, we provide the

necessary analytical background, including the de�nitions of the Weyl transform, the Wigner function, and

the Moyal product. We further introduce the Stratonovich-Weyl correspondence and apply it to the case of a

�at total phase space describing two coupled systems. In Chapter 3, we provide the theoretical background

for the split-operator method. We start from evolutionary-type equations and their solutions within operator

D. Woźniak Dynamics of Quantum State: Phase-Space Approach
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theory. Then, we recall three basic schemes for approximating the exponential of a sum of operators, and

extend the method to explicitly time-dependent operators. In Chapter 4, we derive the equation of motion

for the Wigner distribution function (WDF) of an open quantum system. Later, we consider linear quantum

jump operators and formulate a split-operator algorithm for numerical implementation. The commutation

relations between the relevant operators are analysed, leading to explicit second- and fourth-order schemes,

including the case of a time-dependent potentialV (x; t ). To complement these results, we also discuss iso-

lated and open systems in the light of previously published work. Subsequently, we consider a randomly

perturbed potentialV (x; � ), parameterised by a random vector� , and derive the approximate equation of

motion for the ensemble-averaged WDF. Finally, we analyse the system using the split-operator method and

compute its dynamical parameters.

The main motivation behind this work was to derive the GKSL equation in terms of phase-space quanti-

sation and implement it numerically. Additionally, in the spirit of the research conducted during the studies,

we aimed to analyse the measures used to characterise the quasi-probability distribution in the case of an

open quantum system. The derivation used the microscopic approach to the dynamics of the open system,

as described in [24], while the numerical implementation was based on the split operator algorithm for the

linear type of quantum jump operators. Due to the differential nature of the equation of motion, the Fourier

transform was used to convert partial differential operators into matrix multiplication. The author's contri-

butions presented in this dissertation are directly based on the achievement of speci�c objectives, including

the following:

1. Microscopic derivation of an equation of motion for the Wigner function of an open system, based

entirely on the phase-space approach. These calculations were based on the derivation performed for

the density operator and were presented in the Chapter 4, Section 4.1.

2. Derivation of the equation of motion for the Wigner function of an open system with a linear quantum

jump operator, along with a numerical algorithm for calculating its evolution. This result is present in

Chapter 4, Section 4.2.

3. Calculation of an exact splitting of the exponential operator into the kinetic and dissipative parts

of the Wigner-Gorini-Kossakowski-Sudarshan-Lindblad equation with at most quadratic dissipators

presented in Chapter 4, Section 4.2.

4. Implementation of the algorithm in C++. The initial results obtained with its help are presented in

works [185, 186, 97], available in the Appendix F. The algorithm and some issues regarding its im-

plementation are presented in chapter 4, section 4.2, and also in the Appendices E and C.

5. Proposition of an approximate equation of motion for the ensemble-averaged Wigner distribution

function.

6. Analysis of single- and multi-barrier systems with random perturbations, including the study of phase-

space parameters and their comparison across the systems. These are presented in Chapter 4, Sec-

tions 4.5.2, 4.5.3, 4.5.4.
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Ko�aczek. Interaction time of Schrödinger cat states with a periodically driven quantum system: Sym-

plectic covariance approach.Physical Review A110:022416 (2024);
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Chapter 1

Beyond the wave function - quantum

mechanics of density matrix

1.1 Density matrix quantum mechanics

According to the fundamentals of quantum theory, every physical quantum system has an associated sep-

arable complex Hilbert spaceH(C) over the complex number �eld, with a dimension speci�ed by its na-

ture [177, 54]. The normalised elements ofH , called state vectors, represent possible states of the sys-

tem [74, 169]. This mathematical construct is a fundamental concept that allows for a proper, and most

importantly validated by experiment, description of quantum physics. The simpli�ed description of quan-

tum theory can be narrowed to considerations of statistically certain states that can be described in terms

of a single state vector. Equivalently, these states contain maximal information about the system. Statistical

certainty implies that, whenever an experiment is conducted with the same setup and the state of the system

is measured, the outcome is well de�ned and certain [62].

Figure 1.1: A representation of a pure system. The bag represents a single realisation of the system being,

with some probability, in a statej' i . If such setups are repeated in�nitely many times, and then each one is

measured independently, then for a pure quantum state with 100% certainty, the state of the system will be

j' i .

5



1. Beyond the wave function - quantum mechanics of density matrix 6

This property does not encompass cases where there is a mixture of different quantum states. To consider

such states in quantum mechanics, one should extend the idea of a pure state, meaning the state describ-

able by a state vector, to include a statistical mixture of states. These are mixed states, which means that

they cannot be described by such a vector [15] or, equivalently, by conducting multiple copies of the same

experiment, the resulting state after measurement is different, but statistically describable in terms of prob-

ability of occurrence. In this picture, a pure state is represented as a simple projection operatorP̂ := j ih j

with the propertyP̂2 = P̂ [138]. To introduce a concept of mixed state, let us assume that a quantum state

consists of different quantum statesj i i , each contributing with a weightwi > 0, which plays a role of

probability, such that
P

i wi = 1 . Then an object that contains all the information about the system is the

density operator given by [79]

�̂ =
X

i

wi j i ih i j : (1.1)

According to this formula, the density operator can be regarded as a convex combination of projection

operators on a given statej i i with associated projectors in the form̂P i = j i ih i j. With this reasoning,

a pure quantum state is an element of the convex set that lies on its boundary. [9] This is equivalent to

describing the system as an ensemble of pure states, wherewi are the probabilistic weights associated with

a given projection operator.

Figure 1.2: An analogous to Fig. 1.1 representation of a mixed system with equiprobable states. Each of the

bags is equivalent to a single realisation of the system in a quantum statej 1i , j 2i , or j 3i . If such setups

are repeated in�nitely many times and measured, then the probability of occurrence of the selected state can

be obtained.

The properties of a density operator are inherited from its contributing projectors. Thus, the density operator

is a self-adjoint operator̂� � = �̂ , semi-positive de�ned:̂� � 0, with a trace equal to identityTr �̂ = 1 [80].

To complete this natural extension of pure state quantum mechanics, we notice that the time dependence

of the density operator is inherited directly from the time dependence of state vectors whose evolution is

subjected to the Schrödinger equation of evolution. Let us recall that at any time, for isolated quantum

systems, a state vectorj (t)i satis�es the evolution equation [177]

i~
d
dt

j (t)i = Ĥ j (t)i ; (1.2)

D. Woźniak Dynamics of Quantum State: Phase-Space Approach



1. Beyond the wave function - quantum mechanics of density matrix 7

whereĤ is a Hamiltonian. Thus, for each time instancet 2 R+ , the state vectorj (t)i belongs to the

considered Hilbert space and describes the state of the system. Furthermore, the deterministic evolution of

the state vector from initial statej (0)i = j 0i is given by a strongly continuous one-parameter group [11]

Û(t) := e� i
~ Ĥt ; (1.3)

where the Hamiltonian̂H plays the role of generator of the dynamics. Let us now extend the concept of

time-dependence over the density operators. As previously stated, the properties of the density operator are

direct consequences of the characteristics of projection operatorsP̂ i . This allows for a natural extension

of the time evolution, namelŷ� (t) =
P

i wi j i (t)ih i (t)j, where for eacht 2 R+ the expression̂� (t) is

a valid density operator. As a result, the time evolution equation of the density operator, known as the von

Neumann equation, emerges
d
dt

�̂ (t) = �
i
~

h
Ĥ; �̂ (t)

i
; (1.4)

which is used to describe isolated quantum systems. At this point, let us clarify that for closed quantum

systems, where the Hamiltonian is explicitly time-dependent,@t Ĥ (t) 6= 0 , the time evolution operator̂U(t)

has a similar but enhanced via the Dyson time-ordering operator for or, equivalently, is expressed through

the Dyson series [179], namely

Û(t) = T̂ e� i
~

Rt
0 Ĥ (s)ds; (1.5)

where the time-ordering operatorT̂ is de�ned as [115]

T̂ [Â(t1)B̂ (t2)] =

8
<

:

Â(t1)B̂ (t2); t1 > t 2

B̂ (t2)Â(t1); t2 > t 1:
(1.6)

For further counterparts, we focus on the statistical properties of observables, which can be deduced

from this formulation [128]. Assume that̂A is a self-adjoint operator acting on a system's Hilbert space

with spectral decomposition̂A =
P

k ak P̂k . Then, the average of this operator, understood as the average

result over many ensembles, is given by the following formula

hAi := Tr
h
�̂ Â

i
; (1.7)

in counterpart to

hAi :=
X

n

jcn j2
D

 n

�
�
�Â n

E
=

X

k;n

jcn j2jak j2� nk =
X

k

jck j2jak j2; (1.8)

and the state of the system, after the projective measurement of the eigenvalueaj , is given by the following

density operator

�̂ ! �̂ j =
P̂j �̂ P̂j

Tr
h
�̂ P̂j

i ; (1.9)

in contrary to

j i !
�
�  0� =

P̂j j i
p

h j i
: (1.10)

Of course, we could consider a much more general measurement like positive operator valued measurement

(POVM), nevertheless the generalisation of the results from state vectors to density operators is natural.

D. Woźniak Dynamics of Quantum State: Phase-Space Approach
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Under the system's time evolution or after measuring the system, a question might arise whether the state

still behaves as a mixture or was puri�ed to a single projector operator. To determine the purity of the state,

a simple theorem can be used [136]:

Theorem 1.1. Let �̂ be the density operator of the quantum system. Then the following statements are

equivalent:

a) The state of the system is pure;

b) �̂ 2 = �̂ ;

c) Tr
�
�̂ 2

�
= 1 .

Simultaneously, this property de�nes a parameter that can monitor the behaviour of the quantum system

under the time-evolution, notably the purity of the system, de�ned as the trace of the square of the density

operator. Most importantly, the purity of the system is preserved under the time evolution of the isolated or

closed quantum system, as it is given by

�̂ (t) = Û(t)�̂ (0)Ûy(t); (1.11)

whereÛ(t) is the previously de�ned unitary evolution operator for an isolated quantum system. Then, by

the cyclicity property of the trace operation and the fact thatÛ(t)Ûy(t) = 1̂, the purity is conserved. We can

restate the evolution formula for the density operator in terms of a superoperator�( t) which has a form [93]:

�̂ (t) = �̂( t)�̂ (0) := Û(t)�̂ (0)Ûy(t); t � 0: (1.12)

This superoperator satis�es a composition law�̂( t)�̂( s) = �̂( t + s) for t; s � 0, preserves positivity,

hermicity and trace of the density operators [105], constituting to a semigroup of operators. In the case of

isolated or closed quantum systems, using the properties of the operatorÛ(t), this semigroupf �̂( t); t � 0g

can be extended to a group by introducing an inverse operator�̂ � 1(t) = �̂( � t). Such systems, where the

family of superoperatorŝ�( t) form a group, are called Hamiltonian systems [129].

1.2 Open quantum systems

The idea behind the construction of open quantum systems comes directly from the formulation of closed

systems. Through an open quantum system we shall understand a subsystemS of a total isolated systemT,

with a complementary systemB , being the bath or the environment [122].

D. Woźniak Dynamics of Quantum State: Phase-Space Approach
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Figure 1.3: The diagram of an open quantum system. An open system interaction picture involves the in-

teraction between the environment and the open system, which is based on either mass exchange (curved

arrow between two different circles) or energy exchange (wave arrows). This interaction should be included

in the form of an interaction Hamiltonian that acts upon the tensor product space of both systems' spaces.

The total quantum system is treated as isolated; thus, its time evolution can be considered unitary. However,

the complexity of the total system resulting from the number of degrees of freedom greatly incapacitates

the precise analysis possibilities, as the degrees of freedom of the environment are usually signi�cantly

greater than1 or even in�nite. To address this problem, a sequence of approximations must be performed

to simplify the dynamics. In general, common justi�cation, when investigating open quantum systems, is

the termination of memory effects, i.e. asking if the historical states (past) of the system should in�uence

the present state (future). Still, the Markovianity property of the system cannot be directly translated from

classical to quantum theory, as it violates the Kolmogorov condition and is rather connected to the direction

of the �ow of information, as stated in [23]. Let us start generally by considering a tensor product Hilbert

space of the total system

H T = H S 
 H B (1.13)

whereH S represents the Hilbert space of the considered system andH B represents the Hilbert space of the

states of the environment. The density matrix associated with the state of the total system must then satisfy

the von Neumann equation. We shall assume that the system is isolated. This leads to the equation of motion

in the form
d
dt

�̂ T (t) = �
i
~

h
ĤT ; �̂ T (t)

i
; (1.14)

where further, we will hold the following assumption on the form of the Hamiltonian

ĤT = ĤS 
 1̂ + 1̂ 
 ĤB + gĤ I ; (1.15)

with ĤS; ĤB governing the dynamics of the subsystems, andĤ I being the interaction term with coupling

constantg, and1̂ being the identity operator in respective spaces. To extract the open system dynamics

from the total density matrix, a partial trace is required, that is trace operation taken over the environment,

incorporating information about its in�uence [24], namely

�̂ S(t) = Tr B �̂ T (t): (1.16)

Importantly, there is no a priori assumption that�̂ T (t) can be decomposed as a tensor product of two density

operators, as this would imply a lack of correlations between two systems. As by our assumption on the
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unitarity of the dynamics, the density operator of the total system evolves according to the formula

�̂ T (t) = Û(t)�̂ T (0)Ûy(t) (1.17)

consequently giving a recipe for calculating the density operator of an open quantum system as follows

�̂ S(t) = Tr B

h
Û(t)�̂ T (0)Ûy(t)

i
(1.18)

that can be displayed on the simple diagram presented in Fig. 1.4

Figure 1.4: The diagram describing two approaches to evolution dynamics of open system's density operator

�̂ S. The top path describes the straightforward calculation of the total density matrix at timet, thenprojecting

it, by tracing over the environment. The bottom path is more complying but the question of the existence of

such transformation must be posed.

Similarly to the discussion presented for isolated quantum systems, we are interested in the form and general

properties of the map̂�( t) for all t � 0, that transfers the initial state of the open system ,�̂ S(0), to the

state at time instantt � 0. We expect that they originate from the physical restrictions imposed on the

mathematical apparatus to maintain the interpretation. As previously stated, the density operators are self-

adjoint, positive, and trace-class operators and so the map�̂( t) must preserve all those features at all times

t � 0. It turns out that, apart from the semigroup property, that is�̂( t)�̂( s) = �̂( t + s) for t; s � 0, the

map�̂( t) must be completely positive [154]. Additionaly, the characteristics of the dynamics of the open

quantum system are expected to strongly depend on the type of interaction with the environment, which,

in some cases, introduces memory effects. To exclude complex physical effects that might introduce past

dependency of the system, we assume that the Markovianity property is preserved, and thus, by [45] we

expect the interaction to be in the weak-coupling regime between the open system and the environment. All

these assumptions lead to the Gorini-Kossakowski-Saudarshan-Lindblad (GKSL or Lindblad) equation of

evolution for an open quantum system [72, 112]. The greatest achievement of these works is that the form of

the generator of the dynamical semigroup for the weakly coupled open quantum system derives directly from

D. Woźniak Dynamics of Quantum State: Phase-Space Approach
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imposed mathematical restrictions. This, however, would not be possible if not for a celebrated Choi-Kraus

theorem on the decomposition of completely positive dynamical maps that preserve the trace of density

operator [107, 35], namely

�̂ �̂ =
X

i

V̂i �̂ V̂ y
i ; (1.19)

whereV̂i 2 B (H) are the bounded operators [cf. Appendix A], called Kraus operators, acting in the Hilbert

spaceH and satisfying the completeness relation
P

i V̂i V̂
y

i = 1̂1. In the context of quantum computation or

information theory, the superoperator�̂ is called a quantum channel [128]. Then, by scrupulous reasoning,

the equation of motion for the density operator of an open quantum system is given in the form [25]

d
dt

�̂ S(t) =
1
i

h
ĤS; �̂ S(t)

i
+

1
2

X

k


 k

�h
L̂ k �̂ S(t); L̂ y

k

i
+

h
L̂ k ; �̂ S(t)L̂ y

k

i�
(1.20)

which is the GKSL master equation. The operatorsL̂ k are known as quantum jump operators or Lindblad

operators. The operator̂L generates the semigroup of dynamical operatorsf �̂( t) : t � 0g by the formal

exponentiation formula [157, 59]

�̂( t) = et L̂ (1.21)

or equivalently

L̂ := lim
t ! 0+

�̂( t) � 1̂
t

: (1.22)

We shall callL̂ the Liouvillian operator in Lindblad form [3]. This operator might not be by itself a self-

adjoint operator, but it generates a dynamics that is consistent with physical expectations. As an example,

we may see that by the form of the Liouvillian operator in Lindblad form (1.20) the trace of the density

operator is preserved under its action.

At this point, it is worth noting that other superoperator techniques were developed to describe the

evolution of a given quantum system. If we relax the Markovianity condition, then the most general evolution

is given by the Nakajima-Zwanzig equation [193, 127, 143, 31] which describes the evolution of the relevant,

and complementary irrelevant, part of the quantum system. The relevant part of the total system provides

information about the dynamics of the open system. It is de�ned using a projection operator as follows:

P̂ �̂ T := (Tr B �̂ T ) 
 �̂ B ; (1.23)

and complementary, the irrelevant part de�ned in terms ofQ̂-operator, as follows

Q̂�̂ T := ( 1̂ � P̂ )�̂ T ; (1.24)

where�̂ B represents an initial state of the environment, which we will assume is normalised. Differenti-

ating both equations with respect to timet, changing to the interaction picture, and then performing some

manipulations [143] one arrives at the equation for the relevant part of the total system

d
dt

P̂ �̂ T (t) =
Z t

0
K(t; s)P̂ �̂ T (s)ds; (1.25)

1There are two legacy approaches to the derivation of the GKSL equation, one for �nite-dimensional Hilbert spaces and the

other for in�nite-dimensional Hilbert spaces but with bounded generator [39].
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whereK is the memory kernel of the Nakajima-Zwanzig equation. Due to dependency of the stateP̂ ~̂� T at

timet on previous states via integral kernel, the equation describes the non-Markovian evolution, that is with

memory effects [63, 145]. Of course, this equation given certain assumptions, leads to the GKSL equation.

D. Woźniak Dynamics of Quantum State: Phase-Space Approach



Chapter 2

Quantum theory in phase-space formalism

2.1 Phase-space quantum theory- general information

A phase-space approach to quantum theory is one of many equivalent formulations of quanta [164]. It was

founded on key developments introduced gradually by H. Weyl, E. Wigner, H. Groenewold, and J. Moyal.

Their work initiated a new paradigm, in which the operator-based framework in the Hilbert space was re-

placed by a noncommutative algebra of real-valued functions de�ned in phase space. The origins of this

formulation trace back to 1927 and then to 1932. It was in 1927 that H. Weyl discovered the correspondence

between dynamical quantities and linear Hermitian operators, formulated through a transformation that pre-

serves the probabilistic structure of quantum mechanics [181]. Five years later, E. Wigner introduced a spe-

cial type of function that changed the common view associated with the positivity of probability distribution

functions. By considering quantum corrections for thermodynamic equilibrium states Wigner discovered

a density function, which was notable for allowing negative values [182]. Subsequently, H. Groenewold

and J. Moyal independently made signi�cant contributions to this framework, recognising the relationship

between the WDF, the density operator, and the Weyl transform. Their mutual work resulted in the con-

struction of the noncommutative algebra of real functions that were strictly connected to the well-known

quantum mechanics [76, 126].

Before we consider a rigorous description of the quantum phase space let us, by a simple example, dwell

on the idea of a probabilistic description of classical particles. Let us consider a classical particle moving

along a trajectory(x(t); p(t)) 2 R2, with the initial position and momentum given by(x0; p0). In this case,

the probability density function (PDF) of �nding this particle in phase space can be expressed as [102]:

P(x; p) / � (x � x(t; x0; p0)) 
 � (p � p(t; x0; p0)) ;

which means that the particle is moving along a trajectory generated by the solution of the classical Hamilton

equations with a speci�c initial condition(x0; p0). Equivalently, the probability of �nding a particle in the

strip that contains its trajectory is equal1, whereas apart from it it is0. This can be seen as a motion of a

point-centred probability distribution function along the phase-space trajectory of the system. On the other

hand, consider a scenario in which the particle might have a 50% chance of starting at a different point,

(x01; p01) or (x02; p02), in the phase space1. In this case, after repeating the setup in�nitely many times and
1Assuming that it is not a point lying on the same trajectory as the previously chosen point

13
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measuring the particle's trajectory, we can express the probability density function as follows:

P(x; p) /
1
2

� (x � x1(t; x01; p01)) 
 � (p� p1(t; x01; p01))+
1
2

� (x � x2(t; x02; p02)) 
 � (p� p2(t; x02; p02)) :

It is crucial to note that it does not imply the co-existence of a particle on two non-intersecting trajectories.

Rather, it encapsulates the randomness of a possible state of the system. We have already discussed such

cases in the previous chapter, where, instead of considering a pure quantum state, we extended the idea of

statistical certainty to allow for the coexistence of multiple constituent states in a single quantum system,

resulting in the density operator approach. Equipped with this idea, let us consider a quantum equivalent

of classical phase space. According to the axioms of quantum mechanics and the properties of canonical

operators, it is established that the canonical operatorsx̂k = xk andp̂l = � i~@x l are not commensurable,

that is, they satisfy the canonical commutation relation in the form

[x̂k ; p̂l ] = i~� kl 1̂: (2.1)

This relationship is governed by the Heisenberg uncertainty principle, which introduces a minimal vol-

ume� xk � pk for k = 1 ; : : : ; n that cannot be surpassed by any measurement. Thus, we expect that this

should resemble the structure of the quantum phase space and the probability distributions de�ned on it. As

the Heisenberg uncertainty principle forbids the simultaneous characterisation of position and momentum,

rather than considering points, one should consider minimal cells obeying Heisenberg's principle.

Figure 2.1: Pictorial difference between classical and quantum phase spaces. In classical space, the evolution

of a particle can be regarded as a movement of a0-width probability distribution function along the particle's

trajectory. In the quantum phase space, the probability function with non-zero standard deviation evolves

over the minimal cells given by Heisenberg's uncertainty principle, and rather than trajectories, we are

presented with a statistical average.

The simplest �aw of this approach is the choice of centres of such minimal cells, which implies some

privilege among points in the phase space. Also, this would require a transition from a continuous descrip-

tion of a quantum system to a countable one, sinceR2 phase space can be covered by a countable union
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of squares. Additionally, as pointed out in Ref. [49], the minimal geometrical objects that simultaneously

satisfy the uncertainty relationship and have the symplectic group as their symmetry group are the quan-

tum blobs. These are ellipsoids strictly related to squeezed coherent states that can be obtained from the

phase-space ball through an af�ne symplectic transformation. Nevertheless, the phase-space approach gives

the closest description of quantum mechanics that simultaneously resembles a classical structure. The gen-

eral characteristics of the quantum phase space (or p~ase space) were based on the idea that the quantum

structure, in the classical limit, has to become classical [104]. Let us recall that a complete description of a

classical system in terms of Hamiltonian mechanics requires3 elements: a phase spaceM = R2n given by

a smooth manifold, an energy functionH : M ! R and a symplectic 2-form! [124, 125]. For the scope

of this work, we will assume thatM = R2, then the classical phase space of the system with Hamiltonian

H (x; p; t ) is equipped with Poisson bracket [168]

f f (x; p); g(x; p)g :=
@f
@x

(x; p)
@g
@p

(x; p) �
@g
@x

(x; p)
@f
@p

(x; p): (2.2)

This allows for the description of the trajectories of the classical system via Hamilton equations

d
dt x(t) = f x; H (x; p; t )g;
d
dt p(t) = f p; H (x; p; t )g:

(2.3)

Complementarily, let us turn our attention to the system described by some probability distribution function

(PDF), P(x; p; t ), de�ned on the phase space. The Liouville theorem says that along the trajectories of

the system, the PDFP(x; p; t ) is constant [6]. Consequently, the functionP(x; p; t ) satis�es the Liouville

equation
@
@t

P(x; p; t ) = f H (x; p; t ); P(x; p; t )g : (2.4)

The Liouville equation exempli�es the conservation law of the PDFP(x; p; t ) during time evolution. These

elements constitute the statistical description of classical mechanics. To extend this structure suitably for

quantum mechanical theory in such a way that there exists asmoothtransition, from quantum to classical

mechanics, one introduces the star product [88, 104]:

De�nition 2.1. Let (M ; f� ; �g) be a Poisson manifold. A star product? : C1 (M ) � C1 (M ) ! C1 (M )

is de�ned as

f ? g :=
1X

k=0

�
i~
2

� n

Cn (f; g ); (2.5)

whereCn are bidifferential operators of ordern with C0(f; g ) = f � g, C1(f; g ) = f f; g g, satisfying

X

j + k= n

Cj (Ck (f; g ); h) =
X

j + k= n

Cj (f; C k (g; h)) : (2.6)

The main advantage of this approach is that knowledge of classical mechanics allows for direct analysis in

quantum mechanics, thus there is no need to rephrase the interpretation of canonical variables. One of many

star products is the Moyal star product, or simply the Moyal product, de�ned over canonical phase space,

whereM = R2 as follows

D. Woźniak Dynamics of Quantum State: Phase-Space Approach



2. Quantum theory in phase-space formalism 16

De�nition 2.2 (Moyal product [61, 7]). Let f; g 2 C1 (R2). The Moyal product? : C1 (R2) � C1 (R2) !

C1 (R2) is given by

f (x; p) ? g(x; p) := f (x; p)e
i ~
2

�
 
@x

!
@p �

 
@p

!
@x

�

g(x; p); (2.7)

where arrows over the derivative sign are understood as the direction in which it is acting.

This de�nition can be used interchangeably, depending on the complexity of calculations, with the following

equivalent forms

f (x; p) ? g(x; p) := f
�

x +
i~
2

@p; p �
i~
2

@x

�
g(x; p)

= f (x; p) g
�

x �
i~
2

@p; p +
i~
2

@x

�

=
1

(� ~)2

Z

R4
e

2i
~ S(x;x 0;x00;p;p0;p00) f (x0; p0)g(x00; p00)dx0dx00dp0dp00;

(2.8)

where functionS(x; x 0; x00; p; p0; p00) is the signed area of a parallelogram in a phase space spanned by3

vectors:(x; p), (x0; p0), (x00; p00), namely

S(x; x 0; x00; p; p0; p00) = det

�
�
�
�
�
�
�
�

1 1 1

x x 0 x00

p p0 p00

�
�
�
�
�
�
�
�

: (2.9)

The most important property of such a de�ned product is its limit as~ ! 0+ . Let us notice that for any two

symbolsf; g one has

Proposition 2.1. For any two functionsf; g 2 C1 (R2) such that their?-product is well-de�ned, the fol-

lowing limits, as~ ! 0+ , hold

(f ? g)(x; p) ! (f � g)(x; p); (2.10)

and

f f; g g? :=
1
i~

[f ? g � g ? f ] (x; p) ! f f; g g; (2.11)

wheref f; g g stands for the Poisson bracket of the functionsf andg.

These are direct consequences of the de�nition of the?� product. Additionally, the phase-space approach

enables an operator-free description of quantum theory, which requires the use of classical functions to char-

acterise the quantum systems. However, there is an elegant way to connect these two descriptions through

the Weyl transformation [50, 64]

De�nition 2.3. Let a 2 S(R2), andÂ : S(R) ! S(R), whereS(Rn ) is the Schwartz space of rapidly

vanishing functions [cf. Appendix A]. The Weyl transform betweena andÂ is the correspondence de�ned

as

Â(x; y) =
1

2� ~

Z

R
e

i
~ p(x� y)a

�
1
2

(x + y); p
�

dp; (2.12)

a(x; p) =
Z

R
e� i

~ py
�

x +
1
2

y

�
�
�
� Â

�
�
�
�x �

1
2

y
�

dy: (2.13)

We will denote that relationship asW[Â](x; p) = a(x; p). Both de�nitions (2.2 and 2.3) constitute the

foundation of the deformation quantisation [17, 19].
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2.2 Weyl transform and Wigner function

As previously mentioned, the Weyl transform serves as a correspondence tool between operator-formulated

quantum mechanics and the phase-space approach. Let us provide some basic properties of the Weyl symbol

of the given operatorŝA andB̂ [42]

Corollary 2.1. Some commonly used properties of Weyl transformW:

1. Linearity:W[� Â + � B̂ ](x; p) = � W[Â](x; p) + � W[B̂ ](x ; p);

2. If Ây = Â thenW[Â](x; p) 2 R;

3. Product rule:W[ÂB̂ ](x; p) = ( W[Â] ? W[B̂ ])(x; p);

4. Commutator representation:W
h

1
i ~[Â; B̂ ]

i
=

n
W[Â](x; p); W[B̂ ](x; p)

o

?
.

These properties give a helpful correspondence relationship between phase-space observables (symbols)

and operator observables de�ned on the Hilbert space associated with our system. Finally, we can provide

the phase-space equivalent of the carrier of the information, the density operator [50, 180] :

De�nition 2.4 (Wigner function). A Wigner function of the quantum system is a real-valued quasi-

probability distribution function de�ned over the quantum phase space, with well-de�ned marginal dis-

tributions, and is given by the rescaled Weyl transform of the density operator, namely

%(x; p; t ) :=
1

2� ~

Z

R

�
x +

1
2

y

�
�
�
� �̂ (t)

�
�
�
�x �

1
2

y
�

e� i
~ pydy: (2.14)

It is worth mentioning that there are de�nitions of the Wigner function for any underlying deformed geom-

etry that can be introduced by a group-theoretical approach [4, 50].

Corollary 2.2. The equation of motion for an isolated or closed quantum system in a phase-space represen-

tation is given by the equation in the form [37]

@t %(x; p; t ) +
1
m

p@x%(x; p; t ) � f U(x; t ); %(x; p; t )g? = 0 : (2.15)

Applying the property (2.10) of the star product to the equation of motion, we arrive at the so-calledclassical

limit of the equation2. That is, at~ ! 0+ , the equation resembles the Liouville equation for the classical

PDFs de�ned over the phase space, namely

@t P(x; p; t ) +
1
m

p@xP(x; p; t ) � @x [U(x; t )]@pP(x; p; t ) = 0 ; (2.16)

and can be solved using the method of characteristics [60]. The overall volume of the phase-space PDF

remains invariant during the time evolution. In other words, the PDF is constant along the trajectories of the

classical system. Generally, when considering such a limit, one should not forget about the~� dependency

2There are some different understandings behind the term classical limit. In this context, we will use the similarity of the

mathematical formalism between quantum and classical phase space as~ ! 0+ .
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of the WDF. Näively, the limit%(x; p; t ) ! � (p)j (x; t )j2 is maintained as~ ! 0+ , unless the implicit

dependence of the wave function on ~ is considered. Otherwise, the �nal form of this expression is an

asymptotic exponential function multiplied by an energy-limiting Dirac delta distribution, as thoroughly

derived in [151]. Last but not least, we would like to revisit the eigenproblem posed in wave function

quantum theory in terms of the phase-space approach, leading to full equivalence between them. Recall that

an eigenproblem for the Hamiltonian̂H = p̂2=(2m) + U(x̂) is posed as

Ĥ j i = E j i ; (2.17)

which in position representation takes the form of the second-order partial differential equation [15]

�
~2

2m
d2

dx2  (x) + U(x) (x) = E (x); (2.18)

where (x) = hxj i is the wave function of the system,E is interpreted as the energy of the system. On the

basic level, it appears as a result of the application of separation of variables to the time-dependent problem,

with the assumption that the time-dependent wave function is a product of the spatial function (x) and

some time-dependent function� (t). Similar methods can be used in phase-space quantum mechanics to

deduce the phase-space eigenproblem. The Wigner eigenfunction to the eigenvalueE has to be the solution

to the following pair of equations [70, 69, 37]

8
<

:

H (x; p) ? %(x; p) = E%(x; p);

%(x; p) ? H(x; p) = E%(x; p);
(2.19)

whereH (x; p) is the Weyl symbol of the Hamiltonian̂H . For the purpose of the discussion, let us assume

that the eigenvalues of the Hamiltonian̂H form a discrete set� (Ĥ ) = f Engn2 N and are nondegenerate.

Then, according to the de�nition 2.4, the solution to Eq. (2.19) is given by [70]

%nm (x; p) =
1

2� ~

Z

R
 n

�
x +

1
2

y
�

 �
m

�
x �

1
2

y
�

e� i
~ pydy; (2.20)

called the cross-Wigner function [50], to the eigenvalueEnm = En � Em . It implies that a general, time-

dependent WDF can be expanded into coherent and incoherent part [70]

%(x; p; t ) =
X

n

cnn %nn (x; p) +
X

n;m
n6= m

cnm e� i
~ (En � Em )t %nm (x; p): (2.21)

where off-diagonal terms are withholding the information about energy exchange between the modes of the

evolving system. Additionally, applying the secular approximation [116], we may conclude that in the limit

t ! + 1 the incoherent terms average out to zero, thus

lim
t ! + 1

%(x; p; t ) =
X

n

cnn %nn (x; p): (2.22)

meaning that the system decohered to the stationary state.
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2.3 Phase-space approach to open quantum systems

As discussed in the previous chapter, the evolution of an open quantum system is modeled by simplifying

the dynamics of the total system through various approximations. So far, the phase-space quasiprobabil-

ity distribution function formalism has been developed for a single, isolated, or closed system, where the

independent variables relate only to that closed system. In this chapter, we will explore the properties of

the Weyl transform in product spaces, which will allow us to derive the GKSL equation based on the as-

sumptions made previously. Starting with the general properties of the WDF resulting from its de�nition,

we can state that it is a real, bounded function with correctly de�ned marginal distributions, which provides

an equivalent to the density operator quantum mechanics statistical description of the quantum system.

The Stratonovich-Weyl (S-W) correspondence provides a powerful generalisation of the Weyl transform,

offering a more meaningful connection between quantum operators and the phase-space functions [175].

At its core, this approach de�nes a quantisation operator that elegantly captures the geometric structure of

the system, making it a versatile tool for various applications. We shall now de�ne the Stratonovich-Weyl

correspondence, according to Refs [163, 147, 170]

De�nition 2.5. Let Â; Â1; Â2 be operators acting on Hilbert spaceH. A 3-tuple (H ; M ; 
̂) constitutes

Stratonovich-Weyl (S-W) correspondence, where
̂ : M 3 M ! 
̂( M ) 2 B (H) is the S-W kernel and

M is the phase space of the considered system with a phase-space vector given byM , if the following

conditions are satis�ed

1. The mapping de�ned as

W[Â](M ) := Tr
h
Â 
̂( M )

i
(2.23)

exists, is linear and invertible;

2. If Â is hermitian then the functionW[Â](M ) is real valued;

3. The trace of an operator̂A is equal to the integral of the functionW[Â](M ) in the phase space
Z

M
W[Â](M )dM = Tr Â; (2.24)

and
R

M 
̂( M )dM = 1̂;

4. The following product rule holds
Z

M
W[Â1](M )W[Â2](M )dM = Tr

h
Â1Â2

i
; (2.25)

5. The covariance condition holds

W[ÛyÂÛ](M ) = W[Â](T(M )) ; (2.26)

whereÛ is a unitary transformation andT : M 3 M ! T(M ) 2 M is a transformation associated

with Û, acting on the phase space.
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Thus, the S-W correspondence is a one-to-one correspondence between operators and functions de�ned

over a space with classical meaning. These conditions generate the WDF of the quantum system with any

underlying geometry and allow for equivalent statistical interpretation. It should be noted that there is no

mention of a?-product. However, the4th condition gives a basis for the uniqueness of an algebra of functions

de�ned over phase space [26]. We can de�ne a?� product through the following integral relation [66]

(f ? g)(M ) =
ZZ

M
Tr

h

̂( M )
̂( M 1)
̂( M 2)

i
f (M 1)g(M 2)dM1dM2; (2.27)

which, in general, is non-commutative, and reduces to a common product of two functions when considered

under the integral sign
Z

M
(f ? g)(M )dM =

Z

M
(f � g)(M )dM: (2.28)

An observant reader will notice that we have reached the same formalism as previously introduced: the non-

commutative calculus of real functions, represented as appropriate symbols of operators. This generalisation

of the Weyl correspondence requires us to �nd an operator
̂( M ) whose form depends on the underlying

Lie symmetry group [66]. As a skimmed example, we may consider a �at spaceM = R2 representing

a phase space with position and momentum coordinates,M = ( x; p), where the Lie symmetry group is

given by the Heisenberg-Weyl group and is associated with standard commutation rules for position and

momentum [183, 64]. By the detailed calculations that can be found i.e. in [174, 28], the
̂( M ) has the form

given by a displaced parity operator [48, 144, 71], leading to the original de�nition of the WDF [4].

We have now obtained a powerful tool for building a WDF for any quantum system, regarding the

underlying geometry of the system. Turning our attention to open quantum systems, an open system is, by

general de�nition, a subsystem of a total system that includes the environment (or a bath) and the system

in question, as explained in Sec. 1.2. Let us assume that the phase space of the total system is the �at

spaceR2+2 N , where the constituent phase spaces,R2 andR2N , correspond to the phase space of the one-

dimensional open system and the phase space of theN -dimensional environment, respectively. This setup

is equivalent to considering a tensor product Hilbert space composed of twoL 2-spaces overR andRN ,

by (1.13). We can now apply the S-W correspondence for such systems by treating a WDF of the total

system%T as a starting point. Let us de�ne a WDF of the total system as

%T (Q; K ; t) := Tr
h
�̂ (t)
̂( Q; K )

i
; (2.29)

where(Q; K ) = ( x; X ; p;P ) 2 R2+2 N are position and momentum coordinates of the total system. These

consist of the coordinates(x; p) 2 R2 corresponding to the open system, and(X ; P ) 2 R2N corresponding

to the environment. We will treat the total systemT as an isolated system and thus it obeys the equation of

motion

@t %T (Q; K ) = f HT (Q; K ); %T (Q; K )g?T
; (2.30)
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whereHT (Q; K ) is the symbol of total the Hamiltonian. The form of the star product?T in total, �at space,

for two smooth functionsA; B : R2+2 N ! C, is given by

A(Q; K ) ?T B (Q; P ) = lim
N !1

NX

n=0

�
i~
2

� n 1
n!

nX

k=0

�
r n� k

Q A
� �

r n� k
K B

�
(� 1)k

�
r k

K A
� �

r k
Q B

�

= A(Q; K )e
i ~
2

�  ��
r Q

��!
r K �

 ��
r K

��!
r Q

�

B (Q; K ):

(2.31)

We also de�ne the star product for constituent subsystems: the open systemS and the bathB , in the follow-

ing way

AS(x; p) ?S BS(x; p) := AS(x; p)e
i ~
2

�  �
@x

�!
@p �

 �
@p

�!
@x

�

BS(x; p); (2.32)

AB (X ; P ) ?B BB (X ; P ) := AB (X ; P )e
i ~
2

�  ��
r X

��!
r P �

 ��
r P

��!
r X

�

BB (X ; P ); (2.33)

whereAS; BS; AB ; BB are smooth functions de�ned over associated subsystems.

We are strictly interested in the evolution of the open systemS. To extract valuable information from the

total WDF%T (�; �; t), we calculate its marginal distribution taken with respect to the environment variables,

that is

%S(x ; p; t) :=
Z

B
%T (Q; K ; t)dX dP =

Z

B
%T (x; X ; p;P ; t)dX dP : (2.34)

This has been proven to be a valid approach for de�ning an information medium for any open quantum

system [51]. To further simplify the equation of motion for the open system, let us consider a total system's

Hamiltonian symbol given as a sum of three elements: the Hamiltonians of the open system, of the bath, and

the interaction term, which is precisely a symbol of (1.15), namely,

HT (Q; K ) = HS(x; p) + HB (X ; P ) +
X

k

� kgk
S(x; p) ?T gk

B (X ; P ); (2.35)

then the evolution of the open system is governed by the following Master equation

@t %S(x ; p; t) = f HS(x; p); %S(x; p; t )g?S
+

X

k

� k

n
gk

S(x; p); E
h
gk

B jx; p; t
i

%S(x; p; t )
o

?S

; (2.36)

whereE
�
gk

B jx; p; t
�

is the conditional expected value of thek-th bath interaction term, namely

E
h
gk

B jx ; p; t
i

=
1

%S(x; p; t )

Z

B
gB (X ; P )%T (x; X ; p;P ; t)dX dP : (2.37)

stripped of its physical meaning due to the possibility of a negative value of the total WDF. Apart from

dubious interpretation, the Eq. (2.36) gives no less and no more information than the initial problem, keeping

further analysis at undesirably high complexity. To simplify the dynamics of the open quantum system,

a Born-Markov approximation is usually invoked, leading to GKSL equation [cf. Chapter 4]. In Wigner

formalism it is read as

@t %S(t) = f HS; %S(t)g +
i
2

X

k


 k (f L k ? %S(t); L �
kg? + f L k ; %S(t) ? L �

kg?) : (2.38)

Variable dependency was omitted to keep the equation graphically appealing.
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Chapter 3

Split operator approach to numerical

solution of evolution equations

3.1 Evolution type PDE

Undoubtedly, physicists thrive to describe reality in terms of mathematical structures and equations.

Throughout history, many phenomena have been described meticulously, and humanity has been provided

with mathematical tools to predict the behaviour of many complex systems. Examples of such systems can

be seen in every scienti�c area: a heat equation that encapsulates the behaviour of heat distribution within the

medium; or the Navier-Stokes equation that provides insights within the �uid dynamics; Schrödinger equa-

tion providing us with a description of the evolution of the amplitude of probability in quantum mechanics.

What all these equations have in common is their dependence on timet.

De�nition 3.1. We say that a partial differential equation for functionu 2 Cn (Rk+1 ) is of the evolution

type if it can be written in the form [22, 113]

@n
t u = F (t; x ; Dx ;t u; D 2

x ;t u; : : : ; D n� 1
x ;t u; D n

x u); (3.1)

whereF is some function, andD m
x ;t is the multi-index notation for a partial derivative of the orderm 2 N

of variablesx andt.

This de�nition is comprehensive, as it encapsulates nearly all time-dependent equations of classical and

quantum physics and is dif�cult to work with if one is interested in peculiar properties of such systems.

Simultaneously, in the literature, one may �nd that the de�nition of evolution equation contains only �rst-

order time derivative, thus we would say that

De�nition 3.2. A partial differential equation for functionu 2 Cn (Rk+1 ) is of the evolution type [131, 130]

if it can be written as

@t u = F (t; x; D x u; D 2
x u; : : : ; D n� 1

x u; D n
x u); (3.2)

for some functionF , andD m
x is them� th order multi-index derivative with respect to the spatial variable

x .

22
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The latter de�nition of the evolution equation will be the focus of our attention. More importantly, we

will also consider cases whereF (:) is not explicitly time dependent,@t F = 0 , which we will call the

time-autonomous partial differential evolution equation [82]. With suitable assumptions, we shall now

rewrite (3.2) in the following operator form

@t u = L̂u; (3.3)

whereL̂ is an operator which, under certain assumptions [87] can be treated as a generator of a dynamical

semigroup, namely [46]

L̂u = lim
t ! 0+

�̂( t)u � u
t

; (3.4)

with u taken so that the limit on the right-hand side exists and�̂( t) being the aforementioned dynamical

semigroup associated witĥL , as this is one-to-one correspondence [152, 99]. With this setup, any solution

to the Cauchy problem with the initial conditionu(x; 0) = u0(x), can be written as [100, 83, 171]

u(x; t ) = �̂( t)u0(x) = eL̂ t u0(x): (3.5)

Complementarily, if the initial problem was posed as a non-homogeneous, that is

@t u = L̂u + f; (3.6)

thenu(�; t) can be expressed via the formula [99]

u(x; t ) = eL̂ t u0(x) +
Z t

0
e(s� t )L̂ f (x; s)ds: (3.7)

The exponential function,exp
�

L̂ t
�

, is understood as the series expansion of the exponent, in the case of

a boundedL̂ . However, if L̂ is unbounded, then the exponential operator should be treated carefully via

resolvent techniques (see [98, 87]). Many equations of mathematical physics, including quantum as well as

classical ones, can be written in forms given by Eqs. (3.3) and (3.6). Nonetheless, we are interested in linear

equations, that is, for any two functionsu1, u2 and constants�; � we have the following property

L̂ [�u 1 + �u 2] = � L̂ u1 + � L̂u2: (3.8)

As a formal solution, the expression given by Eqn. (3.3) is direct and compact in its form. However, there

are only a few cases where such an expression can be calculated analytically, unproportionally less than the

number of interesting cases where the solution is desirable. In particular in quantum mechanics, whenL̂

is given by the sum of two operators: the kinetic energy operatorT̂ (p̂) and the potential energy operator

V̂ (x̂), the formula for time evolution might be too complicated to write down explicitly. An even more

complicated case arises when@t L̂ 6= 0̂ or, equivalently,L̂ = L̂ (t) is a time-dependent generator, leading

to non-autonomous problem. Physically, in quantum mechanics, those can be associated in with oscillatory

potentials [160, 89, 96] or moving barriers [32, 34] in particular cases laying the foundation of computational

tools [150].

Recall an integral representation of Eq. (3.3)

u(x; t ) = u0(x) +
Z t

0
L̂ (s)u(x; s)ds: (3.9)
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By repetitive substitution, we arrive at the time-ordered expression

u(x; t ) = T̂ e
Rt

0 L̂ (s)dsu0(x); (3.10)

whereT̂ is Dyson's time-ordering operator [57]. Yet again, we obtained a formal expression for a solution

to the Cauchy problem; still, no explicit formula can be written down to provide us with the information

about the solution to the equation of motion. In the upcoming section, we will discuss the idea of �nding

the approximate expression for the solution of the Cauchy problem where the dynamics is given by the

exponential operator, as in (3.5) or (3.10).

3.2 Splitting method

In the previous section, we discussed the notion of the evolution equation. Their main advantage lies in

the compact form of the formal solution to the Cauchy initial problem. In physics, many problems are

concentrated around the dynamics generated by the sum of two operatorsÂ, B̂ . As previously mentioned,

in quantum mechanics, in the Schrödinger equation, the total HamiltonianĤ is given by the sum of two

operators: the kinetic part̂A = p̂2=(2m), and the potential part associated with the potential energyB̂ =

Û(x̂). With no explicit time dependence in the Hamiltonian, i.e.@t Ĥ = 0 , the näive solution to the evolution

initial value problem can be given by

u(x; t ) = et (Â+ B̂ )u0(x) = et Â et B̂ u0(x): (3.11)

However, the last equality does not hold for kinetic and potential operators, and more importantly for general

operatorsÂ, B̂ , and is only true provided that[Â; B̂ ] = 0̂. This idea of direct splitting of the exponent of

the sum to the product of two exponents is known as Lie-Trotter splitting [132, 166]. It treatsÂ, B̂ as two

independent dynamic generators, at all timest > 0. It allows us to reconstruct the dynamics of the system

by sequential composition of the dynamics generated byÂ andB̂ independently, as exponential operators

(see graphics below).

Figure 3.1: A visual explanation of Lie-Trotter approximation. The vector �eld can be associated with a

generator of the dynamicŝA + B̂ whereas its action on the given functionu0(x) is depicted in the inset. In

the Lie-Trotter approximation, the dynamics can be decomposed as a product of two shifts, one along the

vertical and the other along the horizontal axis, associated with operatorsÂ andB̂ respectively.
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The order of error we conduct under such a transformation is of the second power of the time step,

namely [52]

et (Â+ B̂ )u0(x) = et Â et B̂ u0(x) + O(t2); (3.12)

whereO(t2) means that the error is no greater than the2-nd power oft. For higher accuracy of the solution,

we might apply Strang approximation that reads [132, 162]

u(x; t ) = e
t
2 Â et B̂ e

t
2 Â u0(x) + O(t3): (3.13)

Whether such a formula exists for any order of accuracy we desire is a valid question, which fortunately has

already been answered. The �rst, and most reasonable answer to this question can be given by undermining

the usefulness of such approximation. For numerical computations, exponentiation is a costly transformation

that will ultimately prevail over the solution's accuracy. The second and formal answer is given by the non-

existence theorem [166]

Theorem 3.1. (Suzuki nonexistence theorem) For noncommutative operatorsÂ; B̂ there is no decomposi-

tion of the form

et (Â+ B̂ ) = et1 Â et2 B̂ : : : etM Â + O(tm+1 ); (3.14)

with all positivet j and �nite M for m � 3.

For proof see Ref. [166].

An example of a decomposition that achieves a higher order of accuracy and is compliant with the Suzuki

theorem is the Chin approximation. It is the fourth order approximation given by the following formula [33]

u(x; t ) = e
t
6 Â e

t
2 B̂ e

2
3 Ŵ e

t
2 B̂ e

t
6 Â u0(x) + O(t5); (3.15)

whereŴ = Â + t2=(48)[Â; [B̂; Â]]. Noticeable is the fact that this decomposition is not given purely by

exponential operators of̂A andB̂ , but includes the nested commutator expressionŴ . Generally, the splitting

coef�cients are determined by applying the Baker-Campbell-Hausdorff (BCH) formula [7] and its inverse,

the Zassenhaus formula [114], along with a Taylor expansion to match the expansion coef�cients up to the

desired precision1. For the error analysis of the approximations presented here see Ref. [44].

Within the �rst sections of this work, we will assume that the generatorL̂ of the dynamics of the system

in interest is, �rst and foremost, time-independent@t L̂ = 0 , and given as the sum of a function of only

variablex, hereV (x), and a polynomial expressionW (x; p; @x ; @p)

L̂ = W (x; p; @x ; @p) + V (x); (3.16)

whereW 2 C[x1; x2; x3; x4] is the polynomial of four variables with complex coef�cients. In such cases,

the unitary equivalence relation between the position and momentum operators enables us, numerically,

to implement the split-operator scheme without the need to approximate the derivative operator with a

difference scheme. To see this, let us �rst recall the de�nition of the unitary equivalence [134]

1BCH and Zassenahus formula will be provided further within the thesis.
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De�nition 3.3. Let Â, B̂ , be two operators. We say thatB̂ is unitarily equivalent tôA if there exists a unitary

transformationÛ such that

B̂ = ÛÂÛy; (3.17)

whereÛy is the adjoint of operator̂U, and the equality sign is understood in the operator sense.

Then, in the sense of the previous de�nition, the multiplication and derivation operators are unitarily equiv-

alent via the Fourier transform. We shall use the following convention for Fourier transform [153, 139]

F1;x ! � %(x; p; t ) =
1

p
2� ~

Z

R
e� i

~ �x %(x; p; t )dx; (3.18)

F � 1
1;� ! x ~%(�; p; t ) =

1
p

2� ~

Z

R
e

i
~ �x ~%(�; p; t )d�; (3.19)

F2;p! y%(x; p; t ) =
1

p
2� ~

Z

R
e� i

~ py%(x; p; t )dp; (3.20)

F � 1
2;y! p ~%(x; y; t ) =

1
p

2� ~

Z

R
e

i
~ py ~%(x; y; t )dy: (3.21)

Then, the unitary equivalence can be read as follows [138, 149]

F � 1
1;� ! x � F1;x ! � =

i
~

@x ; F � 1
2;y! pyF2;p! y =

i
~

@p; (3.22)

mostly known as a property of the Fourier transform. This implies a natural association between variables:

x; � andp; y hereafter referred to as Fourier conjugated or simply conjugated variables. Thus, by (3.22), we

can substitute every occurrence of the derivative operator with the conjugated variable and vice versa, pro-

vided that we transform the total expression through this equivalence, namely for any polynomialK (x1; x2)

the following equality holds

K (@x ; @p) = F � 1
2;y! pF � 1

1;� ! xK (�; y )F1;x ! � F2;p! y : (3.23)

Now, the expression "sandwiched" between Fourier transform is simply a polynomial expression of two

variables�; y , instead of a polynomial of derivatives, allowing for further numerical manipulations and

calculations.

Further within the work we will obtain the time-dependent generator as a result of algebraic manip-

ulations performed. If we want to extend the splitting algorithm on time-dependent operators, as desired,

we shall recall the following key result by Suzuki [167]: a time-ordered exponential operator (3.10) can be

reformulated in terms of the ordinary exponential operator as follows

T̂ exp
�
� i

Z t

0
L̂ (s)ds

�
= exp

h�
L̂ (t) + D̂

�
t
i

; (3.24)

where the operatorexp
�

D̂�
�

is de�ned via the formulae

Â(t)eD̂� B̂ (t) = Â(t + � )B̂ (t): (3.25)

In simple terms,D̂ is equivalent to the time-derivative operator acting on the left expressionD̂ =
 �
@t ,

leading to the time-shift operator de�nition for the exponential ofD̂ . This equivalence between the time-

ordered exponential and the time-derivative formulation signi�cantly simpli�es the numerical algorithm,

particularly when the analytic form of the potentialV (x; t ) is known. Further, within this work, we show

the application of this identity in the case of a time-dependent potential.
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Results

4.1 Microscopic derivation of the GKSL equation in the phase space

The result presented here can be achieved via W-S correspondence used in the context of the microscopic

derivation of the GKSL equation for the density operator [24]. Let us consider a total systemT consisting of

an open systemS and an environmentB , just as stated in Sec. 2.3 with the same Hamiltonian symbol (2.35).

We already know that the WDF for the total system%T (Q; K ; t) obeys the Moyal equation (2.30) and the

open system's WDF is related to the total system WDF via the integration over the bath coordinates (2.34).

To unveil the real form of open system dynamics, we start with the initial equation of an isolated total

system, but written in the interaction picture, that is, any symbolF de�ned over quantum phase space is

transformed to the interaction representation via the interaction picture

F (Q; K ; t) ! F I (Q; K ; t) = e
i
~ (H S + H B )t ? F(Q; K ; t) ? e� i

~ (H S + H B )t : (4.1)

Then, the dynamics of the total quantum system can be rewritten as

@t %I
T (Q; K ; t) =

�
H I

I (Q; K ; t); %I
T (Q; K ; t)

	
? ; (4.2)

from now on the upperI index, standing for interaction picture, will be omitted.

Integrating the Eq. (4.2) once, with respect to timet, then inserting it back into the initial equation (4.2) and

lastly integrating the result with respect to the bath variables(X ; P ), we arrive at the equation of motion

for the open system

@t %S(x; p; t ) =
Z

B
f H I (Q; K ; t); %T (Q; K ; 0)g? dX dP

+
Z

B

Z t

0
f H I (Q; K ; t); f H I (Q; K ; s); %T (Q; K ; s)g?g? ds dX dP ;

(4.3)

but still containing the dependence on the state of the total system. From now on, some assumptions must

be introduced to simplify the equation of evolution. Firstly, without an in-depth explanation, which we will

provide later, we shall assume that
Z

B
f H I (Q; K ; t); %T (Q; K ; 0)g? dX dP = 0 : (4.4)
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This yields the new equation

@t %(x; p; t ) =
Z

B

Z t

0
f H I (Q; K ; t); f H I (Q; K ; s); %T (Q; K ; s)g?g? ds dX dP : (4.5)

To exclude the dependency on the state of the total system we introduce Born approximation [24]

%T (Q; K ; t) � %S(x; p; t ) � %B (X ; P ), where the state of the environment%B is stationary. Now, the

equation in question can be summarised as

@t %(x ; p; t) =
Z

B

Z t

0
f H I (Q; K ; t); f H I (Q; K ; s); %S(x; p; s) � %B (X ; P )g?g? ds dX dP ; (4.6)

whereas the previous assumption (4.4), after recalling the form of the interaction Hamiltonian (2.35) and

substituting the separated WDF for the total system, now reads
X

k

� khgk
B (t)if gk

S(x; p; t ); %S(x; p; t )g = 0 ; (4.7)

implying that the average environmental disturbance that comes from the interaction with the open system

hBk (t)i is nulli�ed. To �nish this part of algebraic manipulations, we impose the Markov approximation [24,

122], that is, we assume that the Wigner function at timet is independent of its previous states, at times

0 � � < t , which gives

@t %S(x; p; t ) =
Z

B

Z t

0
f H I (Q; K ; t); f H I (Q; K ; s); %S(x; p; t ) � %B (X ; P )g?g? ds dX dP : (4.8)

Simultaneously, we assume the vanishing of the integrand in long-time scales, allowing us to substitute,

after the change of variabless = t � u, the integration limit to in�nity, that is,t ! + 1 , leading to

@t %S(x; p; t ) =
Z

B

Z 1

0
f H I (Q; K ; t); f H I (Q; K ; t � u); %S(x; p; t ) � %B (X ; P )g?g? ds dX dP : (4.9)

For next steps, we introduce a new family of operatorsf qk
S(x; p; ! )g! de�ned via projectors of the Hamil-

tonianHS, with the assumption of a discrete spectrum, namely

qk
S(x; p; ! ) =

X

" n � " m = !

�( x; p; "m ) ? gk
S(x; p) ? �( x; p; "n ): (4.10)

The operators�( x; p; " k ) can be seen as the Weyl symbols of the projection operatorP̂" k onto the eigenspace

associated with the" k eigenvalue of the Hamiltonian̂HS. To see it, we shall notice that1̂ =
P

k P̂" k is the

identity operator given by the completeness relation, which allows us to rewrite each operatorÂ as

Â =
X

n;m

P̂" m ÂP̂" n : (4.11)

As we are working with double summation, we shall conduct it over all possible differences between the

eigenvalues"n � "m = ~! , the angular frequencies, leading to

Â =
X

!

X

" n � " m = !

P̂" m ÂP̂" n : (4.12)

This trick allows us to rephrase thegk
S(x; p) interaction term as follows

gk
S(x; p) =

X

!

qk
S(x; p; ! ) =

X

!

X

" n � " m = !

�( x; p; "m ) ? gk
S(x; p) ? �( x; p; "n ): (4.13)

The operatorsqk
S(x; p; ! ) satisfy the following relations:
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• they are the eigenoperators1 of superoperatorf HS; �g:

f HS; Sk (! )g = �
!
i~

qk
S(! ); (4.14)

f HS; S�
k (! )g =

!
i~

qk
S

�
(! ); (4.15)

• they are preserved, up to a phase factor, by a unitary evolution of systemS:

e
i
~ H S t ? qk

S(! ) ? e� i
~ H S t = e� i

~ !t qk
S(! ); (4.16)

e
i
~ H S t ? qk

S
�
(! ) ? e� i

~ H S t = e
i
~ !t qk

S
�
(! ); (4.17)

• they are parity-reversal symmetric with respect to the frequency! :

qk
S

�
(� ! ) = qk

S(! ): (4.18)

One can now rephrase the time-dependent interaction Hamiltonian symbol with the help of the properties

above

H I (t) = e
i
~ (H S + H B )t ?

X

k;!

� kqk
S(! )gk

B ? e� i
~ (H S + H B )t =

X

k;!

� ke� i
~ !t qk

S(! )gk
B (t)

=
X

k;!

� ke
i
~ !t qk

S
�
(! )gk

B
�
(t):

(4.19)

To keep the equations more transparent, we omit the dependency upon variables connected to the degrees of

freedom, both for open systems and baths. Introducing new operators allows us to rewrite the equation for

the Wigner function in the following manner

@t %S(x; p; t ) =
X

k;!

X

j;�

Z

B

Z 1

0

�
� k � j e

i
~ !t e� i

~ � (t � u)

�
n

qk
S

�
(! )gk

B
�
(t);

n
qj

S(� )gj
B (t � u); %S(x; p; t )%B (X ; P )

o

?

o

?

�
du dX dP

=
X

k;!

X

j;�

� k � j e
i
~ t (! � � )

�
Z 1

0

Z

B

�
e

i
~ �u

n
qk

S
�
(! )gk

B
�
(t);

n
qj

S(� )gj
B (t � u); %S(x; p; t )%B (X ; P )

o

?

o

?

�
dX dP du:

(4.20)

Furthermore, conducting necessary manipulations of the integrated expression is required to simplify the

form of the equation. We start with the expansion of the inner and outer Moyal brackets, leading to

I = qk
S

�
(! ) ? qj

S(� ) ? %S(x; p; t )gk
B

�
(t) ? gj

B (t � u) ? %B (X ; P )

� qk
S

�
(! ) ? %S(x; p; t ) ? qj

S(� )gk
B

�
(t) ? %B (X ; P ) ? gj

B (t � u)

� qj
S(� ) ? %S(x; p; t ) ? qk

S
�
(! )gj

B (t � u) ? %B (X ; P ) ? gk
B

�
(t)

+ %S(x; p; t ) ? qj
S(� ) ? qk

S
�
(! )%B (X ; P ) ? gj

B (t � u) ? gk
B

�
(t):

(4.21)

1The term eigenoperator was used e.g. in Ref. [68], as a natural generalisation of eigenfunction to the language of superoperators.
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Now integrating this expression with respect to bath degrees of freedom(X ; P ) gives

I 0 =
D

gk
B

�
(t) ? gj

B (t � u)
E h

qk
S

�
(! ) ? qj

S(� ) ? %S(x; p; t ) � qj
S(� ) ? %S(x; p; t ) ? qk

S
�
(! )

i

+
D

gj
B (t � u) ? gk

B
�
(t)

E h
%S(x; p; t ) ? qj

S(� ) ? qk
S

�
(! ) � qk

S
�
(! ) ? %S(x; p; t ) ? qj

S(� )
i

:
(4.22)

Including the integration with respect tou, and preceding the exponential expression one gets

I 00= � kj (� )
h
qk

S
�
(! ) ? qj

S(� ) ? %(x; p; t ) � qj
S(� ) ? %(x; p; t ) ? qk

S
�
(! )

i

+ � �
kj (� )

h
%(x; p; t ) ? qj

S(� ) ? qk
S

�
(! ) � qk

S
�
(! ) ? %(x; p; t ) ? qj

S(� )
i

:
(4.23)

resulting in

@t %(x ; p; t) =
X

k;!

X

j;�

� k � j e
i
~ t (! � � )

�
� kj (� )

n
qk

S
�
(! ); qj

S(� ) ? %S(x; p; t )
o

+ � �
kj (� )

n
%S(x; p; t ) ? qj

S(� ); qk
S

�
(! )

o�
;

(4.24)

where

� kj (� ) =
Z 1

0
e

i
~ �u

D
gk

B
�
(t) ? gj

B (t � u)
E

du; (4.25)

is the one-sided Fourier transform of the autocorrelation function. Assuming that only resonant terms! = �

contribute to the dynamics, as they average out, known as secular approximation [24, 116], leads to

@t %S(x; p; t ) =
X

!

X

k;j

� k � j

�
� kj (! )

n
qk

S
�
(! ); qj

S(! ) ? %S(x; p; t )
o

+ � �
kj (! )

n
%S(x; p; t ) ? qj

S(! ); qk
S

�
(! )

o�
:

(4.26)

Lastly, to excavate the �nal form of the equation of motion, the following decomposition of� kj (� ) must be

imposed:� kj (! ) = 
 kj (! )=2 + iskj (! ). This, after long, nontrivial, tedious manipulations, led to

@t %S(x; p; t ) =
n

~H (x; p); %S(x; p; t )
o

S
+ D(%S(x; p; t )) ; (4.27)

where
~H (x; p) =

X

!

X

k;j

� k � j skj (! )qk
S

�
(! ) ? qj

S(! ); (4.28)

and

D(�) =
i
2

X

!

X

k;j

� k � j 
 kj (! )
�

qk
S

�
(! );

n
qj

S(! ); �
o (+)

?

�

?

= �
i

~2

X

!

X

k;j


 kj (! )
�

qj
S(! ) ? (�) ? qk

S
�
(! ) �

1
2

f qk
S

�
(! ) ? qj

S(! ); �g(+)
?

�
:

(4.29)

As a result, we obtained the GKSL equation in the phase space by microscopic derivation. However, as

mostly stated in the literature, an algebraically appealing form of the equation was provided in Eq. (2.38).
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4.2 Splitting of the exponential expression describing the model

The results of the presented thesis are anchored by the Wigner-Lindblad equation for a Weyl symbol of a

single linear Lindblad operatorL k = L(x; p), given by

L(x; p) = ax + bp; a; b2 C: (4.30)

This form leads to the following equation of motion for the WDF for an open quantum system, with an

initial condition at timet = 0
8
<

:

@t % = � p
m @x%+ f V (x); %g? + � [ @x (x%) + @p(p%)] + 1

2Dxx @2
pp%+ 1

2Dpp@2
xx %� Dxp@2

xp%;

%(t = 0) = %0;
(4.31)

where coef�cients present within the equation are related to initial quantitiesa; bby the following relation:

Dxx = jaj2; Dpp = jbj2;

Dxp = Re(a� b); � = Im(a� b):
(4.32)

This Liouvillian operator, with Lindblad operators taken as the linear combination of position and momen-

tum operators, leads to the dynamics of the system subjected to the decoherence and dissipation effects.

However, this approach does not embed the simplest example of an open quantum system, that is, Brow-

nian particle dynamics, because its dynamics is not completely positive [24, 119, 95]. To include it in our

approach, we would like to reduce some of the requirements posed on the coef�cients of the Eq. (4.31), so

that a Brownian motion for high temperatures can be reconstructed from our model [109, 94]. Consider the

following dynamics generator

L̂ B = f H (x; p); �g? + 
@p(p(�)) + D@2
pp; (4.33)

which generates the motion of a quantum Brownian particle. Our model (4.31) does not allow for manipula-

tion of constants� ; Dxx ; Dxp ; Dpp which keeps the complete positivity of the evolution and simultaneously

reproduces the case of Brownian particle for certain values of the parameters given. With that in mind, we

focus our attention to the scaling part, namely:

Ŝ = � [ @x (x(�)) + @p(p(�))] = � @x (x(�)) + � @p(p(�)) ;

and assume that constants connected to thex-rescaling andp-rescaling are independent of each other allow-

ing us to rewrite this expression as

Ŝ = � x@x (x(�)) + � p@p(p(�)) ; (4.34)

where we have introduced new constants� x and� p. Separating the in�uences of spatial and momentum

scaling allows for broader analysis of the dynamics. This introduction of the modi�ed operator gives the

following dynamics generator

L̂ = �
p
m

@x + f V (x); �g? + � x@x (x(�)) + � p@p(p(�)) +
1
2

Dxx @2
pp +

1
2

Dpp@2
xx � Dxp@2

xp : (4.35)
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The dynamics given by such operator cannot be solved analytically unlessU(x) is polynomial of at most

2nd order. To prepare for the numerical analysis of this equation we de�ne the following set of operators:

the closed dynamics operators

V̂ = f V (x); �g?; T̂ = � p
m @x ; (4.36)

the scaling operators

Ŝ1 = � x + � p; Ŝ2 = � xx@x ; Ŝ3 = � pp@p; (4.37)

and the second-order operators

Ĝ1 = 1
2Dxx @2

pp; Ĝ2 = 1
2Dpp@2

xx Ĝ3 = � Dxp@2
xp ; (4.38)

whereĜ1 can be seen as a decoherence operator [191, 190],Ĝ2 is a diffusion operator [60, 142] whereas the

mixed derivative operator̂G3 can be seen as a measure of correlation between(x; p) or inseparability. The

operatorL̂ , for the potential in the form of a polynomial of at most 2nd order, has the following properties:

• the initial value problem with initial condition%(x; p; 0) = %0(x; p) is exactly solvable,

• if %0(x; p) is a Gaussian function, then%(x; p; t ) is Gaussian fort � 0,

for both results see Appendix B.

The commutation relations between the previously de�ned operators are the clue to derive, in some cases

exact, formulas which allow to calculate the exponential of the operatorL̂ . Thus, for the set of operators

f T̂ ; Ĝ1; Ĝ2; Ĝ3; Ŝ1; Ŝ2; Ŝ3g the commutation relation between them is presented in the Tab. 4.1.

Table 4.1: Commutation relation table for set of operators considered. The potential energy operatorV̂ was

omitted due to its general form.

[#; ! ] T̂ Ĝ1 Ĝ2 Ĝ3 Ŝ1 Ŝ2 Ŝ3

T̂ 0 � 1
m

D xx
D xp

Ĝ3 0 � 2
m

D xp
D pp

Ĝ2 0 � x T̂ � � pT̂

Ĝ1 � 0 0 0 0 0 2�pĜ1

Ĝ2 � � 0 0 0 2� x Ĝ2 0

Ĝ3 � � � 0 0 � x Ĝ3 � pĜ3

Ŝ1 � � � � 0 0 0

Ŝ2 � � � � � 0 0

Ŝ3 � � � � � � 0

Due to the property of a commutator:[Â; B̂ ] = � [B̂; Â], it is suf�cient to �ll only the overdiagonal (or

underdiagonal) part of the table. For further analysis, we introduce the following notation

Ĝ = Ĝ1 + Ĝ2 + Ĝ3;

Ŝ = Ŝ2 + Ŝ3;

�̂ = T̂ + Ŝ:

(4.39)
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Substituting just-introduced operators to the dynamics generator yields the following operator

L̂ = V̂ + �̂ + Ĝ; (4.40)

and with that we can write a formal solution to the Wigner-Lindblad equation, for given initial condition

%0(x; p), namely

%(x; p; t ) = et L̂ %0(x; p) = et (V̂ + �̂+ Ĝ)%0(x; p): (4.41)

As mentioned in the previous chapter, the exponential operator of a sum does not factorise to independent

exponentials, unless the underlying operators commute. We will show that there exists a direct factorisation

for the term�̂ + Ĝ. Beforehand, we shall recall the de�nition of theadjoint action operator

De�nition 4.1. [81] Let Â, B̂ be two operators. We de�ne the adjoint operator ofÂ, acting onB̂ as

AdÂ (B̂ ) = [ Â; B̂ ]: (4.42)

Naturally, we de�ne thek-th adjoint by recursive relation

Adk
Â

= Adk� 1
Â

AdÂ ; Ad0
Â

= 1̂: (4.43)

Continuing, let us point out some relevant properties of operators�̂ , andĜ

1. OperatorŝG andĜi for i = 1 ; 2; 3 commute pairwise;

2. Thek–th adjoint operator with respect tôG acting on operatorŝGi for i = 1 ; 2; 3 gives zero operator

Adk
Ĝ

�
f Ĝ1; Ĝ2; Ĝ3g

�
= f 0̂g; (4.44)

for k 2 N;

3. Thek–th adjoint operator with respect tô� acting on operatorŝGi for i = 1 ; 2; 3 is a subset of set

spanned by these operators

Adk
�̂

�
f Ĝ1; Ĝ2; Ĝ3g

�
� spanf Ĝ1; Ĝ2; Ĝ3g; (4.45)

for k 2 N.

These properties are a direct result of the commutation relation between operators collected in Table 4.1.

Furthermore, we de�ne a function	 by the following relation

	( Ĝ1) = (1 ; 0; 0)T ; 	( Ĝ2) = (0 ; 1; 0)T ; 	( Ĝ3) = (0 ; 0; 1)T ; (4.46)

then each element of the set spanned byĜ1, Ĝ2, Ĝ3 can be associated with a three-dimensional vector,

whereas adjoint operations such that withAd �̂ Ĝj =
P 3

i =1 � ij Ĝi are given by matrices

	( Ad �̂ ) =

2

6
6
4

� 11 � 12 � 13

� 21 � 22 � 23

� 31 � 32 � 33

3

7
7
5 = A �̂ : (4.47)
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As this is common practice, we will omit the function	 when performing calculations.

To �nd the exact splitting for the exponent of the sum̂� + Ĝ, �rst the identity for non-commuting operators

must be used [56, 165]

exp
h
t(X̂ + Ŷ )

i
= exp

h
tX̂

i
exp

h
tŶ

i
exp

� Z t

0
e� sAd Ŷ

�
e� sAd X̂ � 1̂

�
Ŷ ds

�

= exp
h
tŶ

i
exp

h
tX̂

i
exp

� Z t

0
e� sAd X̂

�
e� sAd Ŷ � 1̂

�
X̂ds

�
:

(4.48)

AssociatingX̂ = Ĝ, Ŷ = �̂ and using previously de�ned function� one gets

exp
h
� t(Ĝ + �̂)

i
= exp

h
� t �̂

i
exp

h
� tĜ

i
exp

� Z � t

0
e� sAd Ĝ

�
e� sAd �̂ � 1̂

�
Ĝ ds

�

= exp
h
� t �̂

i
exp

h
� tĜ

i
exp

� Z � t

0
e� sAĜ

�
e� sA �̂ � 1

�
(1; 1; 1)T ds

�
:

(4.49)

The restriction of the adjoint with respect tôG to the set spanned by operatorsĜi for i = 1 ; 2; 3 yields a

zero operator, that is

AdĜ jspanf Ĝ1 ;Ĝ2 ;Ĝ3g = 0̂;

and thus

AĜ = 0 ^ e� sAĜ = 1:

This is great simpli�cation for further manipulations by 3rd property [cf. Eq. (4.45)], as the integral expres-

sion simpli�es to
Z � t

0
e� sAĜ

�
e� sA �̂ � 1

�
(1; 1; 1)T ds =

Z � t

0

�
e� sA �̂ � 1

�
(1; 1; 1)T ds: (4.50)

Furthermore

Ad �̂ Ĝ1 = � 2� pĜ1 + 0 � Ĝ2 �
1
m

Dxx

Dxp
Ĝ3;

Ad �̂ Ĝ2 = 0 � Ĝ1 � 2� x Ĝ2 + 0 � Ĝ3;

Ad �̂ Ĝ3 = 0 � Ĝ1 + �
2
m

Dxp

Dpp
Ĝ2 � (� x + � p)Ĝ3;

(4.51)

and thus

A �̂ =

2

6
6
4

� 2� p 0 0

0 � 2� x � 2
m

D xp
D pp

� 1
m

D xx
D xp

0 � (� x + � p)

3

7
7
5 : (4.52)

Secondly, the exponential under the integral containing adjoint action generated by operator�̂ is given by

e� sA �̂ � 1 =
1X

n=1

�
� sA �̂

� n

n!
=

2

6
6
6
4

e2� p s � 1 0 0

1
m2

D xx
D pp

(es� p � es� x )2

(� p � � x )2 e2� x s � 1 2
m

D xp
D pp

es(� p +� x ) � e2� x s

� p� � x
1
m

D xx
D xp

e2� p s � es(� p +� x )

� p � � x
0 es(� p +� x ) � 1

3

7
7
7
5

: (4.53)

Integrating, in the limits0 to � t, the action of this operator on vector(1; 1; 1)T yields the following expres-

sion Z � t

0
dse� sL Ĝ

�
e� sL �̂ � 1̂

�
Ĝ = c1(� t)Ĝ1 + c2(� t)Ĝ2 + c3(� t)Ĝ3; (4.54)
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where the coef�cientsci (� t) for i = 1 ; 2; 3 are equal to

c1(� t) = � � t +
e2� p � t � 1

2� p
; (4.55a)

c2(� t) =
1

2Dppm2� x � p(� p � � x )2(� p + � x )

�
h
Dxx

�
� 2

p

�
e2� t � x � 1

�
+ � 2

x

�
e2� t � p � 1

�
+ 2� x � p

�
1 � e� t (� x +� p )

�
+ � x � p

�
e� t � x � e� t � p

� 2
�

+ m� p(� p � � x )
�

� 2Dxp

�
� p(e2� t � x � 1) + � x

�
1 + e2� t � x � 2e� t (� x +� p )

��

+ Dppm
�
� 2

p � � 2
x

� �
� 2� x � t + e2� x � t � 1

���
; (4.55b)

c3(� t) = � � t +
e� t (� x +� p ) � 1

� x + � p
�

Dxx

2mD xp � p(� p � � x )

�
1 � e2� t � p

�

+
Dxx

Dxpm(� 2
p � � 2

x )

�
1 � e� t (� x +� p )

�
: (4.55c)

Following performed calculations with the fact thatĜ commutes with a linear combination of̂Gi , we are

allowed to write the �nal splitting in the form

e� t ( �̂+ Ĝ) = e� t �̂ e� t Ĝec1 (� t )Ĝ1+ c2 (� t )Ĝ2+ c3 (� t )Ĝ3

= e� t �̂ e(� t+ A 1 (� t )) Ĝ1+(� t+ A 2 (� t )) Ĝ2+(� t+ A 3 (� t )) Ĝ3

= e� t �̂ eF1 (� t )Ĝ1+ F2 (� t )Ĝ2+ F3 (� t )Ĝ3 ;

(4.56)

whereFi (� t) = ci (� t) + � t, for i = 1 ; 2; 3. It should be borne in mind that operatorsĜ1, Ĝ2, Ĝ3 must be

held under a common exponential expression, as their Fourier transform is of the form� Dxx � 2 � Dppy2 +

2Dxp �y which can introduce divergent evolution traits ifDxx Dpp � D 2
xp The complementary splitting for

the operatorexp
�

� t �̂
�

is done according to properties presented in [56]. Recall�̂ = T̂ + Ŝ where the

commutator of its components is equal to

[T̂ ; Ŝ2 + Ŝ3] = uT̂ + v(Ŝ2 + Ŝ3) + c1̂; (4.57)

whereu = � x � � p, v = 0 , c = 0 . According to [56] operators that satisfy the commutation relation

[X̂; Ŷ ] = uX̂ + vŶ + c1̂;

for some constantsu; v; c 2 R undergo exact splitting

eX̂ + Ŷ = egl (u;v )[X̂; Ŷ ]eX̂ eŶ ;

wheregl (u; v) is given by the expression

gl (u; v) =
(ev� u � ev) + u (ev � 1)

uv(v � u)
: (4.58)

Using it, we get the following equality for exact splitting

e� t (T̂ + Ŝ2+ Ŝ3 ) = egl (� t (� x � � p );0)(� x � � p )(� t )2 T̂ e� t T̂ e� t (Ŝ2+ Ŝ3 )

= e

�
� t �

e� � t (� x � � p ) � 1+� t (� x � � p )
� x � � p

�
T̂

e� t (Ŝ2+ Ŝ3 ) :

(4.59)
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Combining previous results, the following exact splitting for the exponential of the sum of two operators

�̂ + Ĝ might be presented, as follows

e� t (T̂ + Ŝ+ Ĝ) = e

�
� t �

e� � t (� x � � p ) � 1+� t (� x � � p )
� x � � p

�
T̂

e� t (Ŝ2+ Ŝ3 )

� eF1 (� t )Ĝ1+ F2 (� t )Ĝ2+ F3 (� t )Ĝ3 :

To suf�ciently calculate expressions containing derivatives as exponential, we use the Fourier transform,

and the equivalence between multiplication and derivative operators. For scaling operatorsŜi for i = 2 ; 3

this procedure leads nowhere, as both operators are in the form

Ŝi = e�x i @x i ; (4.60)

and the Fourier transform preserves the form of these operators, marking our method futile. However, they

can be implemented as four consecutive Fourier transforms with suitable exponentials. Namely, given the

transformation of scaling ofx i variable, by the factor� > 0, that is

Ŝi f (x i ) := f (�x i ) = eln( � )x i @x i f (x i ); (4.61)

it can be expressed as [12]

f (�x ) = � � 1=2e� i�� � @2
x e� i� � x2

ei�� � @2
x ei� � x2

f (x); (4.62)

where� = � 1, if � > 1 or � = 1 , if 0 < � � 1 and

� � =
1
2

p
j� � 1 � 1j� � 1; � � =

1
2

p
j1 � � j: (4.63)

For operatorŝSi wherei = 2 ; 3 the scaling parameter is equal to� = exp[� x i � t ] with x2 = x andx3 = p.

With this in mind, we can introduce the full split-operator method for the considered evolution generator:

the second-order (Strang splitting) (3.13)

%(x; p; � t) � e
� t
2 V̂ e� t (T̂ + Ŝ+ Ĝ)e

� t
2 V̂ %0(x; p; 0) = e� t Ŝ1 e

� t
2 V̂ e

�
� t �

e� � t (� x � � p ) � 1+� t (� x � � p )
� x � � p

�
T̂

� � � 1=2
x e� i�� � x @2

x e� i� � x x2
ei�� � x @2

x ei� � x x2

� � � 1=2
p e� i�� � p @2

p e� i� � p p2
ei�� � p @2

p ei� � p p2

� eF1 (� t )Ĝ1+ F2 (� t )Ĝ2+ F3 (� t )Ĝ3 e
� t
2 V̂ %0(x; p; 0);

(4.64)

and the fourth-order (3.15):

%(x; p; � t) � e
� t
6 V̂ e

� t
2 (T̂ + Ŝ+ Ĝ)e

2
3 Ŵ e

� t
2 (T̂ + Ŝ+ Ĝ)e

� t
6 V̂ ; (4.65)

where� x ; � p; �; �; � are constants associated with the scaling operator presented earlier, and

Ŵ = V̂ +
(� t)2

48

h
V̂ ;

h
T̂ + Ŝ + Ĝ; V̂

ii
: (4.66)

For time-dependent potentials, there is no need to repeat the process, even though the formal solution to the

evolutionary type equation with time-dependent generator is given by the Dyson series

@t %(x; p; t ) = L̂ (t)%(x; p; t ) =) %(x; p; t ) = T̂ e
Rt

0 L̂ (s)ds%0(x; p): (4.67)
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Using the aforementioned Suzuki's relation (3.24) and the fact that the time-shift operator commutes with

the kinetic operator̂T , we arrive at the splitting formula for time-dependent potentials with splitting of the

second order:

%(x; p; t0 + � t) � e
� t
2 V̂ (t0 )e� t (T̂ + Ŝ+ Ĝ+ D̂ )e

� t
2 V̂ (t0 )%0(x; p; t0)

= e
� t
2 V̂ (t0+� t )e� t (T̂ + Ŝ+ Ĝ)e

� t
2 V̂ (t0 )%0(x; p; t0);

(4.68)

and fourth order

%(x; p; t0 + � t) � e
� t
6 V̂ (t0 )e

� t
2 (T̂ + Ŝ+ Ĝ)e

2
3 Ŵ (t0 )e

� t
2 (T̂ + Ŝ+ Ĝ)e

� t
6 V̂ (t0 )%(x; p; t0)

= e
� t
6 V̂ (t0+� t )e

� t
2 (T̂ + Ŝ+ Ĝ)e

2
3 Ŵ (t0+ � t

2 )e
� t
2 (T̂ + Ŝ+ Ĝ)e

� t
6 V̂ (t0 )%(x; p; t0):

: (4.69)

Thus, we have introduced iterative methods to generate a WDF in instances of time that are multiples of the

time step� t. The direct splitting for the exponential function ofT̂ + Ŝ + Ĝ reduces the number of Fourier

transforms required to calculate the next iteration of the WDF, as per each partial derivative operator, we

should include2 Fourier transforms: forward and backward. Certainly, there are possible reductions of the

number of Fourier transforms, depending on the form of preceding and subsequent exponentials. In addition

to the results provided, we have found that in the case of the 4th order approximation, the operatorŴ can

be calculated using only operatorsT̂ , andV̂ , namely

Ŵ = V̂ +
(� t)2

48
[V̂ ;[T̂ ; V̂ ]]: (4.70)

Consequently, no dissipative or decoherence terms affect this operator. The algorithms presented were im-

plemented in C++, with the help of the Fast Fourier Transform [65].
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4.3 A short comment on closed quantum systems

For the sake of the authors' sense of ful�lment, a brief comment on the dynamics of closed quantum sys-

tems is in order. Although distant from the main topic of the thesis, the results obtained, by the authors'

standards, contribute to the broader sense of PhD research process. These results emerged as a byproduct

of tests, calculations, and creative exploration during which the algorithm was developed, tested, and used

to generate nontrivial �ndings. The main topic of the calculations mentioned in this short section refers to

the dynamics of Schrödinger Cat States and the behaviour of some descriptive parameters of quantum states

like nonclassicality parameter and Rényi entropies.

4.3.1 Dynamical entropic measure of nonclassicality of phase-dependent family of

Schrödinger cat states [185]

Within this work, we have tried to unify the concept of interaction time between the quantum state and an ab-

solutely integrable potential. Building purely on the phase-space approach to quantum mechanics, we used

the symplectic covariance property to de�ne the interaction time. This new quantity is associated with dy-

namical properties of a quantum system. In this case, two representatives of the family of Rènyi's entropies

were selected, namely entropies of order one-half and one. The �rst one is associated with the measure of

nonclassicality, as we displayed in [97], whereas the latter is equivalent to the continuous Shannon entropy.

To lay the foundation for this novel measure, we can start with a simple academic example of a scattering

of a free particle. Its evolution, before and after the interaction with the scatterer, can be described as a

movement within the constant potential - which is a simple model. On the contrary, the interaction with the

potential might be dif�cult to describe in terms of formulas, leading to an unsolvable equation of evolution.

It is crucial to notice that free particle evolution is assumed in the in�nite distance from the potential as a

result of its absolute integrability over the real line. In terms of the WDF, the evolution of a free particle is

equivalent to the shearing transformation of the WDF, which is given by the symplectic matrix acting on the

(x; p) variables. With the assumption that the support of the Wigner function is compact inR2, we can say

that before and after the interaction any WDF-dependent functional doesn't change in value, as the Jacobian

of the symplectic transformation is equal to1, and no WDF is present close to the scatterer.

We start by adjusting the de�nition of the Wigner function as an integral transformation of a wave

function

%(x; p) = Ŵ [ ](x; p) :=
1

2� ~

Z

R
 

�
x +

X
2

�
 �

�
x �

X
2

�
exp

�
�

i
~

pX
�

dX: (4.71)

This de�nition highlights the symplectic covariance property of the WDF, that is, for a metaplectic trans-

formationK̂ Ŝ, associated with a symplectic matrix̂S, acting on the wave function, we have the following

identity [47]

Ŵ [K̂ Ŝ ](x; p) = Ŵ [ ](Ŝ� 1(x; p)) : (4.72)

It can be interpreted as statemenet that transforming a wave function through a particular transformation

is equivalent to symplectic change of variables of the Wigner function of pre-transformed wave function.
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Throught this identity, one can de�ne the symplecitcally invariant measures as

� :=
Z

R2
f

�
Ŵ [ ](x; p)

�
dxdp; (4.73)

wheref : [� 1=(� ~); 1=(� ~)] ! R is chosen so that the integral exists and is �nite. Currently, it is unclear

how to associate de�ned expressions with the time evolution of the quantum system. However, it is true

that for Hamiltonians of typêH = p̂2=(2m) + � x̂2, where� 2 f 0; 2g, the evolution can be associated

with a metaplectic transformation̂K Ŝ(t) given by the time-evolution operator̂U(t; � ) for all t � 0. We will

focus our attention on the case� = 0 which stands for the free-particle evolution. Our previous explanation

implies that

Ŵ [ (t)](x; p) = Ŵ [K̂ Ŝ(t) ](x; p) = Ŵ [ ](Ŝ� 1(t)(x; p)) ; (4.74)

where we have used the fact, thatK̂ Ŝ(t) is given by the time evolution operator, yielding (t) for  . Fur-

thermore

� (t) =
Z

R2
f

�
Ŵ [ (t)](x; p)

�
dxdp (4.75)

de�nes the natural generalisation of symplectically invariant measures for time-dependent wave functions.

Then, by a simple change of variables, we have

� (t) =
Z

R2
f

�
Ŵ [ (t)](x; p)

�
dxdp =

Z

R2
f

�
Ŵ [K̂ Ŝ(t) ](x; p)

�
dxdp

=
Z

R2
f

�
Ŵ [ ](Ŝ� 1(t)(x; p))

�
dxdp =

Z

R2
f

�
Ŵ [ ](x; p)

�
dxdp;

(4.76)

where the last equality holds by the fact that
�
�
�det Ŝ(t)

�
�
� = 1 . This, by the previous considerations, implies

that � (t) = const: where evolution is governed equivalently by symplectic matrix. This can be easily

visualised as follows

Figure 4.1: An idealised picture of the time evolution of the WDF subjected to theL 1(R) potentialU(x).

The blob on the LHS depicts the area occupied by the initial WDF. It evolves freely until it reaches a

certain area (middle segment, orange color) where evolution is no longer describable by the metaplectic

transformation. This re�ects on the time evolution of the symplectic measure� (t) (background curve) where

prior to rapid evolvution within segment it behaved nearly constantly. After the interaction with the potential,

the symplectically invariant measure stabilizes again.

Such setup allowed us to de�ne the interaction time� , up to a certain tolerance� , in the following manner:
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Proposition 4.1. For a symplectically invariant measure� (t), the interaction time� , between state repre-

sented by the Wigner distribution function and potential energy belonging to the class of absolutely inte-

grable functions, can be de�ned as

� = min f t 2 R+ : j� (t) � � (1 )j > � g � max f t 2 R+ : j� (t) � � (0)j > � g

= t f � t i ; (4.77)

where� (0) is the value of the symplectically invariant measure at the beginning of the evolution, whereas

� (1 ) is the value at the end of the evolution.M = max t2 R+ � (t) is the maximum of Wigner–Rényi entropic

measure,m = min t2 R+ � (t) is its minimum, and0 < " � 1 is a dimensionless threshold parameter that

can be understood as the precision of the measuring device.

The threshold parameter present in the proposition might seem to be chosen arbitrary small. However, it

should be small relative to the values of the symplectically invariant measure. Within our research, we

treated it as a percentile of the difference between maximal and minimal value of the symplectically invari-

ant measure. Moreover, we narrowed the class of symplectically invariant measures� (t) to the following

measures: the Wigner-Rényi entropy of order one-half and one. Those metrics can be derived directly from

the formula [97]

S� (t) =
1

1 � �
ln

�
(2� ~)2� � 1

Z

R2
dxdpj%(x; p; t )j2�

�
; (4.78)

where� is the order of the entropy. The main goal of our research was to propose a phase-space method

to estimate an interaction time of the quantum state subjected to the integrable potential, which shifts the

importance from the analysis of the dynamics of the system to the evolution of the symplectically invariant

measure. To visualise our �ndings we conducted a numerical calculation of Schrödinger cat state evolution

in the Gaussian barrier system, with time-dependent amplitude, in the form [185]

V (x; t ; � ) = V0 exp
�
�

(x � xB )2

2w2

�
[1 � � � (t � ts)]; (4.79)

where� 2 f 0:5; 2g. This greatly highlighted the advantages and limitations of our method, providing results

comparable with other interaction time measures, such as tunnelling time.

4.3.2 Interaction time of Schrödinger cat states with a periodically driven quantum system:

Symplectic covariance approach [186]

The idea of symplectic covariance of the Wigner distribution function was used to estimate the interaction

time between an oscillating Gaussian barrier, where the time dependence was included within the ampli-

tude of the potential, leading to frequent swaps between the barrier and a well; and a Schrödinger Cat State

Wigner distribution function (SC-WDF). We have numerically solved the equation of evolution, using the

split-operator method for time-dependent potentials, with initial state given by SC-WDF subjected to the

Gaussian potential with oscillating amplitude. Within this research, we investigated the behaviour of the

family of Wigner-Rényi entropies with emphasis on the hierarchy of interaction time based on those sym-

plectically invariant measures. The potential we considered is given by the following formula [186]

U(x; t ; T) = U0 exp
�
�

(x � xB )2

2w2

� �
� (tb � t) + sgn

�
sin

2� (t � tb)
T

�
� (t � tb)

�
; (4.80)
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whereU0 is the maximum of the amplitude,xB is the position of the centre of the barrier,w is the width

of the barrier,T is the period of potential changes andtb is the delay time before the periodicity of the

potential is switched on. We distinguished three cases for system considered, based upon the timescale the

period of oscillations between barrier and well state of the potential: short, intermediate, and long. This

setup was ideal for previously de�ned interaction time, as we have time-dependent potential and initial state

in the backscattering regime for which the casual tunnelling is ill-de�ned. We have shown that the family of

Wigner-Rényi entropies is nonincreasing with respect to� � 1=2, that is

S� (t) � S� (t) () � � �; (4.81)

for functions belonging tof 2 L 1(R; dxdp) \ L � (R2; dxdp). A natural question arises if the interaction

time satis�es similar property, namely, if� � ? � � () � � � for different periodsT of the oscillatory

potential.

Figure 4.2: An example of the family of Wigner-Rényi entropies for� 2 f 1=2; 1; 2; + 1g , and the interac-

tion time� based upon them, as a function of potential's periodT, for the system in question. We can notice

the monotonicity of entropies but can not conclude that interaction time exhibits the same pattern although

it appears to be ordered reversely, i.e. monotonicly increasing as� increases.

We have noticed that after a certain value of periodT, the interaction time exhibits monotone ordering where

� � � � � () � � � but this issue requires further in-depth analysis to prove it rigorously. Moreover, a

question of how to construct a measurement such that this method of calculating the interaction time is valid

and in the frame of physical theory, is also crucial to answer and will be investigated in the future.
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4.4 Averaged system dynamics

Convention: the averages with respect to position and momentum variables are noted via the angular brack-

ets, whereas statistical functionsE[�], Var[�] are calculated with respect to the vector parameter� .

Let us consider two general initial value problems with a common initial condition%0(x; p)
8
<

:

�%t (x; p; t ) = �̂L �%(x; p; t ) + g(x; p; t );

�%(x; p; 0) = %0(x; p);
;

8
<

:

%t (x; p; t ; � ) = L̂ (� )%(x; p; t ; � );

%(x; p; 0; � ) = %0(x; p);
(4.82)

where� is a random vector of independent and identically distributed variables (IID)� i from PDFf (� i ),

which implies thatP(� ) = � i f (� i ); �%= E[ %] is the ensemble averaged solution function,�̂L = E[ L̂ ] is

the ensemble averaged dynamics generator. To �nd the correction to this dynamic, let us assume that the

functiong can be expressed as a power series in timet with operator coef�cientsB̂n , namely

g(x; p; t ) =
X

n=0

tn B̂n �%(x; p; t ): (4.83)

By the theory of abstract evolutionary equations, the formal general solutions can be written consecutively

as: for the �rst, non-homogenous Cauchy problem [133]

�%(t) = et �̂L u0 +
Z t

0
e(t � s) �̂L g(s)ds; (4.84)

whereas the second solution is given by

%(x; p; t ; � ) = et ( �̂L + �̂( � )) %0(x; p): (4.85)

where�̂( � ) = L̂ (� ) � �̂L . To make a convincing comparison between these two solutions, we express their

functions through power series in timet. We are particularly interested in short periods of time, so we keep

terms that are at most of the2nd order oft. As a result, from Eq. (4.84) one gets

�%(x; p; t ) � %0(x; p) + t
h

�̂L + B̂0

i
%0(x; p) +

t2

2

h
�̂L 2 + B̂1 + f �̂L ; B̂0g

i
%0(x; p); (4.86)

where we have used the following identity [75]
Z t

0
(t � s)nsm ds =

n!m!
(n + m + 1)!

tn+ m+1 ; n; m 2 Z+ ; (4.87)

and, after integrating both sides of equation (4.85) w.r.t� , we get complementary

�%(x; p; t ) �
Z

P(� )
�
1̂ +

�
�̂L + �̂( � )

�
t +

1
2

�
�̂L + �̂( � )

� 2
t2

�
d� %0(x; p)

= %0(x; p) + t �̂L%0(x; p) +
t2

2

h
�̂L 2 + Var[ �̂( � )]

i
%0(x; p):

(4.88)

Comparing both expressions we arrive at the lowest correction to the averaged system dynamics

�%t (x; p; t ) = �̂L �%(x; p; t ) + tVar[ �̂( � )] �%(x; p; t ); (4.89)

with

Var[ �̂( � )] =
Z

P(� )
�

L̂ (� ) � �̂L
� 2

d� : (4.90)
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Still keeping the unde�ned character of operators above, one may notice that assuming that there exists

a real symbolG(x; p; t ) such that�( � ) can be written in the star-product adjoint form, namely�( � ) =

f G(x; p; t ; � ); �g?, then

Var[ �̂( � )] �
Z

P(� )f G(x; p; t ; � ); f G(x; p; t ; � ; �g?g?d� ; (4.91)

is the continuous sum of quantum jump operators with positive coef�cients, present in the Lindblad equation.

Leading to the conclusion, that the average of solutions of evolutionary equations with random parameters,

in short times, introduces a Lindbladian corrections to the dynamics. In the case of quantum mechanics,

L̂ (� ) can be understood as the Moyal bracket for an isolated/closed system or Wigner-Lindblad generator

for an open system dynamics. In presented case, we will consider an open quantum system, where random

perturbation of the potential is present, namelyV = V(x; t ; � ). Such case lead to following averaged

Lindblad operator

�̂L = �
p
m

@x +
Z

P(� )f V (x; t ; � ); �g?d� + � x@x (x(�)) + � p@p(p(�)) +
1
2

Dxx @2
pp +

1
2

Dpp@2
xx � Dxp@2

xp ;

(4.92)

and complementary

�( � ) = L̂ (� ) � �̂L = f V (x; t ; � ) � �V (x; t ); �g? = f �V (x; t ; � ); �g? (4.93)

giving


� 2(x; t; � )

�
� =

Z
P(� )f �V (x; t ; � ); f �V (x; t ; � ); �g?g?d� : (4.94)

To better visualise the operatorVar[ �̂( � )] we use the different representation of the Moyal bracket, leading

to

Var[ �̂( � )] = �
1
~2

�
�V

�
x +

i~
2

r p ; t; �
�

� �V
�

x �
i~
2

r p ; t; �
�� 2

; (4.95)

so total approximated equation of motion for averaged system is

@t �%= �
p
m

@x �%+
Z

P(� )f V (x; t ; � ); �%gd� + � x@x (x �%) + � p@p(p�%)

+
1
2

Dxx @2
pp �%+

1
2

Dpp@2
xx �%� Dxp@2

xp �%

�
t

~2

Z
P(� )

�
�V

�
x +

i~
2

r p ; t; �
�

� �V
�

x �
i~
2

r p ; t; �
�� 2

�% d� :

(4.96)

Since the equation of motion for the WDF for the averaged system is not explicitly available in an an-

alytical or calculable form, we instead focus on the law of large numbers, which gives us the following

expression [110]:

E [%](x; p; t ) =
1
N

NX

k=1

%(x; p; t ; � k ); asN ! 1 ; (4.97)

which will be used to calculate the averaged WDF for open system. As a model for simulations a time-

independent potential is considered in the form of the sequence of nearly periodic Gaussian barriers

V (x; � ) =
X

k

V0
1

p
2��

e�
( x � k� � � k ) 2

2� 2 ; (4.98)
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where it is assumed that all barriers are initially, without introducing the random vector� , equidistant,

with equal amplitudes and standard deviations. We will consider two probability distributions from which

components of the vector� are drawn:

1. A uniform distribution over a symmetric interval:

P(� k ) =
1

2��
� (j� k j � �� );

2. A Gaussian distribution centred around0 with standard deviationw > 0:

P(� k ) =
1

p
2�w

e� 1
2w 2 � 2

k ; � k 2 R:

Generally, it will be assumed that parameters presented in the probability distributions are of the order of

single Gaussian barrier of the potential, so the in�uence of the� k is treated as a perturbation from periodicity

of the system rather than the complete anihilation of these characteristics. Then the following averaged value

of the potential holds

1. For the uniform distribution

�V1(x) =
V0

4��

X

k

�
erf

�
�� � x + k�

p
2�

�
+ erf

�
�� + x � k�

p
2�

��
; (4.99)

2. For the normal distribution of�

�V2(x) =
V0p

2� (� 2 + w2)

X

k

e
� ( x � k� ) 2

2( � 2+ w 2 ) : (4.100)

With averaged potentials, we can re-express the Eq.(4.95) in terms of�Vi (x) and the value of


V 2(x; � )

�
�

as shown in the Appendix E.2. However, using standard statistical measures and their properties, we can

gain insight into the equation (4.96), holding as an assumption that the potentialV (x) is smooth. Firstly,

let us rewrite the potential as a sum of potentials where each component depends only on one coordinate of

random vector� , that is:

V (x; � ) =
X

k

vk (x; � k ): (4.101)

Here we do not specify the form of the functionvk (x; � k ), to keep the result as general as possible. Never-

theless, we make the assumption that it is a smooth function and that the integrals

E[vk (x; � k )] :=
Z

P(� k )vk (x; � k )d� k ; (4.102)

and

Var[vk (x; � k )] :=
Z

P(� k )(vk (x; � k ) � E[vk ](x))2d� k ; (4.103)

are �nite for anyk. The integral expression in (4.96) can be rewritten as

� ~2
Z

P(� )f �V (x; t ; � ); f �V (x; t ; � ); �ggd� = Var
�
V

�
x +

i~
2

@p; �
��

+ Var
�
V

�
x �

i~
2

@p; �
��

� 2cov
�
V

�
x +

i~
2

@p; �
�

; V
�

x �
i~
2

@p; �
��

:

(4.104)
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With the form of the potentialV (x; � ) provided previously we can simplify this expression, using the

properties of the variance and covariance, namely

Var [V (z; � )] = Var

"
X

k

vk (z; � k )

#

=
X

k;l

cov [vk (z; � k ); vl (z; � l )]

=
X

k

Var [vk (z; � k )] ;
(4.105)

wherecov [vk (z; � k ); vl (z; � l )] = 0 for k 6= l as� k , � l are independent random variables. Complementarily,

the covariance present in the initial expression can be rewritten using the bilinearity property, i.e

cov [V (y; � ) ; V (z; � )] = cov

"
X

k

vk (y; � k );
X

l

vl (z; � l )

#

=
X

k;l

cov [vk (y; � k ); vl (z; � l )]

=
X

k

cov [vk (y; � k ); vk (z; � k )] ;
(4.106)

where mixed-terms covariances are equal to0, same as before. In conclusion, the correction to the dynamics

resulting from the randomness of the system can be expressed as
Z

P(� )f �V (x; t ; � ); f �V (x; t ; � ); �ggd� = �
1
~2

X

k

(Var [ vk (y; � k )] + Var [ vk (z; � k )]

� 2cov [vk (y; � k ); vk (z; � k )])

�
�
�
�y= x+ i ~

2 @p

z= x� i ~
2 @p

= �
1
~2

X

k

Var
�
vk

�
x +

i~
2

@p; � k

�
� vk

�
x �

i~
2

@p; � k

��
:

(4.107)

Using now the assumption about the smoothness of the constituent functionsuk (x; � k ), we expand each in

Taylor series, leading to

vk

�
x +

i~
2

@p; � k

�
� vk

�
x �

i~
2

@p; � k

�
= i~

+ 1X

n=0

(� 1)n

(2n + 1)!

�
~
2

� 2n

@2n+1
x [vk (x; � k )]@2n+1

p ; (4.108)

and consequently, the variance of the difference can be written as

Var
�
vk

�
x +

i~
2

@p; � k

�
� vk

�
x �

i~
2

@p; � k

��
=

� ~2
+ 1X

m=0
l=0

(� 1)m+ l

(2m + 1)!(2 l + 1)!

�
~
2

� 2(m+ l)

cov
h
@2m+1

x vk (x; � k ); @2l+1
x vk (x; � k )

i
@2(m+ l)+2

p :
(4.109)

The lowest order correction to the dynamics can be achieved by takingm = l = 0 , then

Var
�
vk

�
x +

i~
2

@p; � k

�
� vk

�
x �

i~
2

@p; � k

��
= � ~2Var[v0

k (x; � k )]@pp; (4.110)

or in the context of the equation of motion

@t �%= �
p
m

@x �%+ f �V (x; t ); �%g + � x@x (x �%) + � p@p(p�%)

+
1
2

Dxx @2
pp �%+

1
2

Dpp@2
xx �%� Dxp@2

xp �%+ t

 
X

k

Var[v0
k (x; � k )]

!

@pp �%:
(4.111)
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As a result, the derived correction can be treated in the lowest order as a position-dependent decoherence

term, and its strength is coupled to the variance of the potential components' derivative. Moreover, it displays

the emergence of decoherence in averaged systems. Even further simpli�cation of the problem is possible,

allowing us to bound the decoherence to the spread of the random parameter. Let us recall that for a function

f (x; � ) parameterised by a random variable� , with meanE[� ] = 0 , we can approximate its variance via

the following relation

Var[f (x; � )] � � 2
�

�
@f
@�

� 2 �
�
�
�
� = E [� ]=0

; (4.112)

which is known as the delta method [30], which reduces to applying the Taylor expansion with respect to�

for functionf (x; �). In our case, this approximation leads to

Var[v0
k (x; � k )] � � 2

�

�
@2vk

@x@�k

� 2 �
�
�
�
� k = E [� k ]=0

: (4.113)

Within this work, we will consider constituent potentials,vk , dependent on the difference between position

x, and random variable� k , vk (x; � k ) = vk (x � � k ) allowing for further simpli�cations, where the derivative

with respect to� can be substituted with the derivative with respect to position, taken with a negative sign,

� @x , giving us the following equation:

@t �%= �
p
m

@x �%+ f �V (x; t ); �%g + � x@x (x �%) + � p@p(p�%)

+
1
2

Dxx @2
pp �%+

1
2

Dpp@2
xx �%� Dxp@2

xp �%+ t� 2
�

X

k

(@2
xx vk (x; 0))2@2

pp �%:
(4.114)

For a better understanding of the derived dynamics, an example was considered for the linear potential

V (x; � ) = V (x; E ) = Ex , in Appendix D.
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4.5 Numerical results

Within this section, we have used the algorithm developed in Sec. 4.2 to investigate the dynamics of the

system described by equation (4.114). The numerical calculations were performed on a symmetricNx �

Np = 1024 � 1024 (x; p) grid with the initial WDF state taken as a Gaussian function with uncorrelated

position and momentum.

%(x; p; 0) = %0(x; p) =
1

2�� x � p
e

� 1
2

�
x � x 0

� x

� 2
� 1

2

�
p� p0

� p

� 2

; (4.115)

with the following parameters:x0 = � 300[a.u.], p0 = 0 :15 [a.u.], � x =
p

500[a.u.], � p = 1=(2 �
p

500)

[a.u.]. This gives the mean energy of the initial state at the valuehE i � 0:0113 [a.u.]. The maximum

position value on the grid was set toxmax = 1500 [a.u.] while for the momentumpmax = 1 :5 [a.u.] which

gives the grid steps� x = 2 :93 [a.u.] and� p = 0 :00293[a.u.], as the grid is rectangular[� xmax ; xmax ] �

[� pmax ; pmax ]. The time step for the closed single barrier and chain of barriers systems was set as� t = 10

[a.u.]. For the single-barrier system, it overlaps with the parameters used in our publications [185, 186, 97].

The parameters of the environment were chosen so that the whole evolution resembles Brownian evolution,

with � x = Dpp = Dxp = 0 while � p = 10 � 5, Dxx = 10 � 6. The values of the parameters were guided by

the stability of the algorithm. As for the perturbation vector� of the potential, we considered50cases, each

having either1 (single barrier) or20 (chain of barriers) coordinates, which together constitute a statistical

ensemble.

4.5.1 Dynamical parameters of the system

To characterise the dynamical properties of the system, we considered a group of parameters which can be

classi�ed as follows:

1. The statistical parameters

Measures which stem directly from the de�nition and properties of the WDF and have physical and

statistical interpretation. Those include: mean values of position and momentum and centralised sec-

ond moments. We de�ne those as follows: the mean position and momentum

hxi (t; � ) =
Z

R2
x%(x; p; t ; � )dxdp; (4.116)

and

hpi (t; � ) =
Z

R2
p%(x; p; t ; � )dxdp; (4.117)

complementarly, the second centralised moments:

� 2
x (t; � ) =



x2�

(t; � ) � h xi 2 (t; � );

� 2
p(t; � ) =



p2�

(t; � ) � h pi 2 (t; � );

cov[x; p](t; � ) = hxpi (t; � ) � h xi hpi (t; � ):

(4.118)

The pair(hxi (t; � ); hpi (t; � )) will be understood as quantum phase-space trajectories, and are in

close relation with classical ones. They are the main concern of Ehrenfest theorem [149], drawing
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similarities between classical and quantum mechanics. Additionally, we recieve the trajectory for each

realisation of the system. Using the linearity of mean value, with respect to the (quasi-)probability

density function, we expect that average Wigner function�%moves along the average of phase-space

trajectories. Complementarly, the second moments allow us to characterize the deviation from the

mean trajectory and also the correlation between both variables considered. The evolution equation

for mentioned moments is given by the following system of coupled ordinary differential equations:

the �rst moments (means) 8
<

:

@t hxi =
1
m

hpi � � x hxi ;

@t hpi = � h @xV(x; � )i � � p hpi :
(4.119)

and second centralised moments (variations and covariance)

8
>>>><

>>>>:

@t � 2
x =

2
m

cov(x; p) � 2� x � 2
x + Dpp;

@t � 2
p = � 2cov(p; @xV(x; � )) � 2� p� 2

p + Dxx ;

@t cov(x; p) =
1
m

� 2
p � cov(x; @xV(x; � )) � (� x + � p)cov(x; p) � Dxp :

(4.120)

Yet again, we see that Gaussian states are preserved in the case of potentials of the polynomial type

of at most second order, as the system of presented equations is then closed, and gives full evolution

of the parameters of the Gaussian state.

This can also be debated in the case of the averaged dynamics. Then the system of ODEs describing

the moments is given by 8
<

:

@t
�hxi =

1
m

hpi � � x hxi ;

@t
�hpi = �



@x �V (x)

�
� � p hpi :

(4.121)

and complementarily
8
>>>>>><

>>>>>>:

@t �� 2
x =

2
m

�cov(x; p) � 2� x �� 2
x + Dpp;

@t �� 2
p = � 2cov(p; @x �V (x)) � 2� p �� 2

p + Dxx + t� 2
�

X

k

(@xx vk (x; 0))2;

@t �cov(x; p) =
1
m

� 2
p � cov(x; @x �V (x)) � (� x + � p) �cov(x; p) � Dxp :

(4.122)

which especially changes in the evolution of the momentum-variance of the average solution.

2. The phase-space characteristics

Measures that are a functionals of the WDF. Between all possibilities, the most recognizable is the

nonclassicality parameter [101]. It classi�es the negativity of the WDF, simultaneously quantifying the

quantum effects [148]. According to Ref. [91], the WDF is classi�ed as real probability distribution

function, thus is non-negative, only when the underlying wave function of the quantum system is

Gaussian exponential. This yields yet another interpretation of the nonclassicality parameter - as the

measure of deviation from Gaussian distribution function. Moreover, it was shown that negativity

of the WDF is required to witness the tunneling effects in quantum systems [111]. nonclassicality

parameter found its applications in the Resource Theory [161], as logarithmic nonclassicality which
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is a computable resource measure, capturing the negativity of the WDF and behaving monotonically

under Gaussian free operations [2].

In the case of mixed quantum states, however, there exist postivie WDFs that are simultanously non-

Gaussian [117]. The nonclassicality parameter is de�ned as [101]

� :=
Z

R2
(j%(x; p)j � %(x; p))dxdp =

Z

R2
j%(x; p)jdxdp � 1; (4.123)

and it satis�es the following bound� 2 [0; + 1 ). The time and� dependence is naturally transfered

from the WDF to� (t; � ).

The second measure, quantifying the amount of information the WDF possesses, is the Wigner-

Shannon entropy. It is associated with a deformation of the area occupied in the phase space, that

was caused by quantum position-momentum correlations [186]. It is a special case of a family of

Wigner-Rényi entropy [172, 97]

S� (t; � ) =
1

1 � �
ln

�
(2� ~) � � 1

Z

R2
dxdp

�
je%(x; p; t ; � )j2

� �
�

; (4.124)

which for � ! 1 has the form

S1(t; � ) = � 2
Z

R2
dxdp je%(x; p; t ; � )j2 ln

�
je%(x; p; t ; � )j2

�
; (4.125)

where~%= %=k%kL 2 (R2 ) . Additionally, according to [1], the rate of change of the Shannon entropy

can be associated with the rate of diffusion of the quasiprobability function over the phase space.

It should be noted, that the topic of quantum entropy for quasiprobability distributions is quite vast,

and many de�nitions and directions were considered that resemble the standard differential Shannon

entropy [172, 53, 173, 118]. However, the de�nition provided in Eq. (4.125) uses the interpretation

of the Wigner function as the probability amplitude function [21, 38]. In our work [97], we have

shown the relationship between the nonclassicality parameter, and the Wigner-Rényi entropy of order

� = 1=2.

3. State characteristics

We shall recall one of the previously mentioned parameters. By theorem 1.1 the purity of the state can

be used to determine whether the state of the system is pure or mixed. In terms of Wigner function,

the purity is de�ned as

D(t; � ) = 2 � ~
Z

R2
%2(x; p; t ; � )dxdp; (4.126)

and can be used to track the characteristic trait of the quantum state. However, as underlying Hilbert

space of the system is in�nite-dimensional, the crucial property is missed, namely we are not able to

state which state of the system is maximally mixed. This is especially interesting, as the maximally

mixed state has the maximal Shannon entropy, equal toln d [128], whered is the dimension of the

Hilbert space, providing connection between two measures and their physical interpretations. More-

over, under Liouvillian dynamics (2.38), the purity of the system is non-increasing function of time,

namely _D(t) � 0. This is proven as great criterion for correctness of the dynamics of the system, as

increasing purity would suggest that the motion of the system is no longer governed by the GKSL

equation.
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Another measure, associated mostly with the investigation of the in�uence of the perturbation of the

system on its dynamics, is the Lochschmidt Echo, introduced by A. Peres [135]. It can be de�ned as a

overlap measure between unperturbed system Wigner function%(x; p; t ; 0) = %(x; p; t ) and perturbed

one%(x; p; t ; � ) [73, 41]

M (t; � ) := 2 � ~
Z

R2
%(x; p; t )%(x; p; t ; � )dxdp: (4.127)

Its interpretation, based on the mathematical formula, is straight forward: it measures the overlap

between the two types of the dynamics with similar initial condition%0(x; p) allowing for quantita-

tive describtion of thedivergencefrom unperturbed evolution. However, the main physicall question

standing behind this measure is the reversibility of the dynamics. Due to its simplicity, it especially

found applications in chaos theory for quantum mechanical systems [135, 187] as a tool for analysis

of reversibility of the evolution but it can also be interpreted as sensivity of the quantum system to

perturbations.

4. The distances between states

The distance between two density operators,�̂ 1, �̂ 2 is given by the trace distance de�ned as fol-

lows [128, 108]

d(�̂ 1; �̂ 2) :=
1
2

Tr( j�̂ 1 � �̂ 2j); (4.128)

which can not be easily transferred to the quantum phase space, as by the Weyl quantisation procedure

we get

d(%1; %2) :=
1
2

Z

R2
j%1(x; p; t ) � %2(x; p; t )j?dxdp; (4.129)

where modulus function presented in the integrand expression is understood as?-modulus. Its de�ni-

tion is rather complicated and can be given in terms of a limit, instead of an analytic formula

j%(x; p; t )j? := lim
k! + 1

tanh?(k%(x; p; t )) ? %(x; p; t ): (4.130)

which is one of many ways to de�ne astandardmodulus within the scope of commutative product.

Thus, a different distance measure should be considered, where an explicit formula can be written

down and then calculated - even numerically. Fortunately, the Hilbert-Schmidt distance is one of such

measures, that can be directly translated in terms of Weyl transform, namely

~d1(%1; %2) :=

s Z
[%1(x; p; t ) � %2(x; p; t )]2dxdp; (4.131)

where%1, %2 are the WDFs of density operatorŝ� 1, �̂ 2. By the triangle inequalityk%1 � %2k2 �

k%1k2 + k%2k2 we can normalize this expression to identity, namely

d1(%1; %2) :=

q R
[%1(x; p; t ) � %2(x; p; t )]2dxdp

q R
%2

1(x; p; t )dxdp +
q R

%2
2(x; p; t )dxdp

: (4.132)

The integral of the square of the WDF, as previously stated, is proportional to the purity of the state,

hence, the distance considered allows for measuring what fraction of the sum of purities of two states,
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calculated independently, is covered by the difference between these states. For the sake of this work,

we are interested in two distances: the one between the average of the solution and the approximated

average solution, and the other between states and the unperturbed system. This approach should

quantify the discrepancies between the approximation and the amount of deviation from the dynamics

without the vector of random parameters� .

D. Woźniak Dynamics of Quantum State: Phase-Space Approach



4. Results 52

4.5.2 Single barrier with perturbed centre

For the �rst case of the system, we considered a closed quantum system with a potential of the form

V(x; � ) = V0
1

p
2��

e� ( x � � ) 2

2� 2 ; (4.133)

where for each� , being a random variable. In this setting, the perturbation� corresponds to shifting of

the barrier towards or away from the initial state WDF, as it is centralised at point(x0; p0) in the phase

space, according to Eq. (4.115). Therefore, for each value of� , the evolution is either delayed or advanced:

� > 0 gives a delay, while� < 0 gives an advance. This repulsive Gaussian potential model can be related

to nanowire defects models [184, 103], to studies of interacting Bose-Einstein condensate through a bar-

rier [120, 92], or considered for a tunnelling model for estimation of tunnelling time [55] and semiclassical

analysis [13]. In this �rst simulation, we did not include the environmental effects to see if our intuition

behind the isolated model is right. As noted earlier, both the averaged system and its approximation should

be in�uenced by the effective environmental effects introduced through averaging, rather than by a physical

coupling to an external system. Classically, this system corresponds to a simple� -shifted barrier, which

exhibits two types of dynamics: re�ection from the barrier or free evolution above it.

Figure 4.3: An artistic visualisation of the types of dynamics in the presented system. The classical particle

(blue-bottom or red-top ball) can either back-scatter from the potential or transfer right above the barrier,

depending on the initial energy it has. The curves represent a phase-space trajectories associated with those

dynamics.
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Isolated system

Convention: In all subsequent �gures, the results for Gaussian disorder are shown in the left panel (or

column), and the results for uniform disorder are shown in the right panel (or column). The grey band

represents the ensemble of realisations of the parameters for the disordered system, while the green line is

associated with the parameters of the unperturbed system. The red and blue lines indicate the parameters of

the ensemble average WDF and of our approximation, respectively.

The phase-space trajectories of this system, as expected, form a family of shifted curves on thex; p-

plane, as visible in Fig. 4.4

Figure 4.4: The phase-space trajectories of the WDFs for the isolated system.

One can immediately notice that the grey curves are not only shifted, but also their extrema are lower for

each� vector considered. This behaviour results from the evolution associated with a free particle. When

the potential energy vanishesV (x; � ) = 0 or when there are unbounded regions whereV (x; � ) � 0 within

some tolerance, the evolution follows (or is close to) a transformation known as shearing [47]. In particular,

for the free particle potential, the general solution to the Moyal equation, with the initial condition%0, is

given by

%(x; p; t ) = %0(x � pt; p); (4.134)

which means that the solution is constant along the characteristicsx � pt = c1 andp = c2. Although the

momentump does not change, it still governs the behaviour of the position through its amplitude and sign.

As a result, parts of the Wigner function, lying below thex axis (p < 0), move to the left, while those above

move to the right, and the shift increases over timet > 0. The closer the barrier is to the initial state, the less

sheared the Wigner function becomes before reaching it. This creates a shifted and lowered maximum on the

(x; p)-plane. It is also noticeable that all phase-space trajectories, except the one given by the approximate

average solution, have a �nal momentum smaller than the initial value. Looking at the second moments of

the WDF, they exhibit the following evolution patterns, displayed in Fig. 4.5
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Figure 4.5: The standard deviation and covariance of momentum and position of the WDF for the isolated

single barrier system. In this particular case, the grey band associated with the second centralised moments

of the perturbed systems is not visible in the �gure (covered by the red line), which suggests that the random

location of the potential does not in�uence these parameters.

D. Woźniak Dynamics of Quantum State: Phase-Space Approach



4. Results 55

We can see that for both cases of random location distributionsP(� ), the behaviour of second moments of

the WDF is similar. In particular, the standard deviation and the covariance of the average WDF seem to

be kept within the bounds of the evolution, and more importantly, the shift of the potential does not exhibit

crucial changes to its moments. Therefore, we can state that the structural change of a barrier does not

in�uence the spreading of the WDF. In contrast, the blue line in Fig. 4.5, which represents the approximated

average solution parameters, is visibly different from its previous counterparts. The sigmoid-like structure

for both � x and� p is inconsistent with the ensemble average and should be treated rather as a worst-case

scenario. This leads to the appearance of the maximum covariance between position and momentum, which

is delayed in the case of a uniform distribution.

Since the initial state is given by a Gaussian function, which is a proper classical PDF, it is natural to

investigate how the nonclassicality parameter changes during evolution together with the Wigner-Shannon

entropy, as seen in Fig. 4.6 From the evolution of� (t; � ), it is visible that before the interaction with the

Figure 4.6: The nonclassicality parameter and Wigner-Shannon entropy of the isolated single barrier system.

centre of the barrier, the Wigner function stays positive and Gaussian. As discussed earlier, away from

the barrier, the potential resembles that of a free particle, and the evolution is governed by the shearing

transformation. This preserves the form of a function, which implies that� (t; � ) = 0 or, more precisely,

� (t; � ) � 0since some interaction between the Gaussian tail and the barrier is still expected. Once the barrier

is reached, the value of� (t; � ) increases, indicating an enlargement of the area where the WDF is negative,

and suggesting the appearance of quantum effects, such as quantum interference. After the interaction,
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� (t; � ) slowly approaches a �xed nonzero value. For the ensemble's average WDF, however,� (t; � ) tends

towards zero, while for the approximated solution, the nonclassicality parameter begins to increase again.

To examine whether the nonclassicality parameter continues to change under further evolution, we can

analyse the Wigner-Shannon entropy shown in the Figs 4.6b, 4.6d. After approximatelyt = 3 � 103 [a.u.],

the entropy remains nearly constant, which means that the system no longer interacts with the potential.

Therefore, the nonclassicality reaches asymptotically a �xed value. Additionally, the spread of the WDF for

the ensemble and its average, after the interaction with the potential, slows down asdS(t; � )=dt � 0, which

is consistent with the expected behaviour.

For the analysis of the type of dynamics of the system, we shall consider the purity and Loschmidt

echo, displayed in Fig. 4.7 The purity of each realisation of the system is constant and equal to unity, which

Figure 4.7: The purity and Loschmidt echo for the isolated single barrier system. For the purity, the grey

band is perfectly tracing the green line of the unperturbed system, as the evolution is unitary.

con�rms that the evolution of the system is isolated. In contrast, the purity of the averaged case shows

unusual behaviour. It initially decreases and later returns to unity. This rules out interpreting the dynamics of

the average as isolated, or even as Lindbladian, since in that case the value of purity should be nonincreasing.

On the other hand, the approximated average purity decreases monotonically, which is consistent with the

evolution guided by Eq. (4.114). Furthermore, as shown in the Figs 4.7b, 4.7d, the system itself exhibits

reversible dynamics, whereas the approximated average solution's echo suggests the complete loss of the

information within the system, with simultaneous overdamping of the ensemble's dynamics. On the other
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hand, the system's reversibility is largely insensitive to spatial perturbations of the potential. Apart from a

single extremum in the Loschmidt echo, its value tends to unity for each realisation within the ensemble,

apart from the proposed average approximation, where the reversibility is lost.

To gain a deeper understanding of the relationship between constituent realisation of the system, we

analysed the distance between each WDF, including the average WDF and its approximation, and the un-

perturbed system WDF in the Fig. 4.8 With an additional analysis of the distance between the averaged

Figure 4.8: The distance between the WDF for the unperturbed potential and each of the following for the

isolated single barrier system: the perturbed WDF, the ensemble average, and the proposed approximation

of the average.

WDF and the proposed approximation, in Fig. 4.9 The distance between the unperturbed WDF and the

Figure 4.9: The distance between the ensemble averageE[%] and proposed approximation�%in the case of

the isolated single barrier system.

perturbed cases and averages starts from zero, then changes upon reaching the centre of the potential, and

eventually stabilises at a nonzero constant value. Since the initial evolution resembles that of a free particle,

it is expected that the perturbed solution initially overlaps with the unperturbed one. The same behaviour is

observed for the ensemble average and its approximation. It suggests that states, after the interaction, stay in

constant separation from each other. The averaged WDF does not fully resemble the unperturbed WDF, as

their distance stabilises at a value greater than0. The same reasoning can be applied for the distance between
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the suggested approximation and the average WDF, seen in Figs 4.9a, 4.9b, and thus it poorly approximates

the evolution, especially when interaction with the potential starts and after it.

Open system

As a next step, weopenthe system by introducing the environmental effects, which are included by keeping

the coef�cients� p and Dxx non-zero in Eq. (4.35). This leads to the following dynamics of the WDFs

considered, seen in Figs 4.10 Compared to the isolated system, the phase-space trajectories of the open

Figure 4.10: The phase-space trajectories of the WDFs for the open system.

system do not appear to differ signi�cantly. However, there is a visible constant loss of momentum for all

cases after interaction with the barrier, due to the loss of energy. The same conclusions can be applied to

the phase-space trajectories of the ensemble average. This result is not surprising, as the constants present

in the evolution equation are taken small, so that the decoherence and dissipation effects are prolonged

through evolution. However, the small amplitude of those coef�cients does not signi�cantly in�uence the

decoherence constant present in the approximated equation for the ensemble average WDF, and thus its

trajectory remains similar to that of the isolated dynamics. As a next set of parameters, we consider the

second moments of the WDFs, seen in Fig. 4.11
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Figure 4.11: The standard deviation and covariance of momentum and position of the WDF for the isolated

single barrier system. As is the case with the isolated system, there is no grey band present in the �gures.

D. Woźniak Dynamics of Quantum State: Phase-Space Approach



4. Results 60

The second moments of the WDFs considered align almost perfectly with the case of the isolated system.

This would imply that environmental effects do not affect their behaviour. However, the standard deviation

of the momentum increases in the case of the open system, while it was almost constant for the isolated one.

Consequently, we try to notice differences between the systems using the phase-space and state measures,

displayed in Figs 4.12, 4.13 Although the phase-space trajectories of the WDFs do not differ signi�cantly

Figure 4.12: The nonclassicality parameter and Wigner-Shannon entropy of the open single barrier system.

between isolated and open systems, the nonclassicality parameter and entropy exhibit completely different

behaviour. In the long-time limit, the nonclassicality parameter for all WDFs considered approaches zero. As

a consequence, the asymptotic state of the system is represented by a positive WDF for all random vectors� ,

which implies that the �nal state of the system is a Gaussian or a positive mixed quantum state. The Wigner-

Shannon entropy increases monotonically, with a small "bump" around the time instantt � 2 � 103 [a.u.].

This result suggests a further spread of the distribution as time increases. The rate of spreading is similar for

the perturbed WDF and the ensemble average, while the approximated average initially diffuses faster but

eventually stabilises at a constant rate. However, the presence of the environment reduces the spread of the

Wigner-Shannon entropy across the contributing realisations of the system. It acts as abarrier to information

spreading, limiting the possible dispersion of the WDF among ensemble elements, and controlling the rate

at which entropy increases.
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Figure 4.13: The purity and Loschmidt echo for the open single barrier system. Yet again, the randomised

location of the barrier does not signi�cantly in�uence the measures considered.

Both the purity and the Loschmidt echo, shown in Fig. 4.13, are monotonic functions that tend to zero as

t ! + 1 . This shows that the system, in addition to becoming a strong mixture of quantum states, also

loses reversibility during evolution. This tendency is precisely depicted by the echo of the approximated

average WDF, where, after the timet � 2 � 103 [a.u.], the approximation is overdamped, leading to a much

faster loss of purity and information. Thus, opening the initially isolated system, the interaction with the

environment decreases the purity of the state, simultaneously disallowing for any reversibility within the

ensemble, as the grey band narrows for the Loschmidt echo in Figs 4.13b, 4.13d.

D. Woźniak Dynamics of Quantum State: Phase-Space Approach



4. Results 62

Figure 4.14: The distance between the WDF for the unperturbed potential and each of the following for the

open single barrier system: the perturbed WDF, the ensemble average, and the proposed approximation of

the average.

Figure 4.15: The distance between the ensemble averageE[%] and proposed approximation�%in the case of

the open single barrier system.

A notable property that occurs after the introduction of environmental effects is the asymptotic behaviour of

the distance between the considered WDFs and unperturbed dynamics. From the Fig. 4.14a, we can deduce

that this measure also tends to zero, suggesting that in the long timet ! + 1 , the �nal state of the system

is similar regardless of the scale of the barrier perturbation and their mean averages to the stationary state.

This last implication is straightforward, since the mean of identical states is the same state. However, the

same does not apply to the approximation in Fig. 4.15, which converges to some distribution, but one that

differs from that of the perturbed system.
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4.5.3 Chain of Gaussian barriers with perturbed centres

In this case, the potential has the form

V(x; � ) =
X

k

V0
1

p
2��

e�
( x � k� � � k ) 2

2� 2 ; (4.135)

where the indexk is restricted by the length of the calculation box and� is the distance between the centres

of the barriers. Due to the presence of random perturbations in the positions of the barrier centres, the system

loses its displacement symmetry. In other words, the Hamiltonian of the system no longer commutes with the

spatial translation operator̂T� = exp(( � i=~)� p̂), wherea is the period of the potentnial, deeming the Bloch

approach inapplicable. We shall refer to this system as a structurally disordered system [159, 106, 58]. The

natural point of comparison for such systems is the non-perturbed structurally periodic potentialV (x; 0) that

represents a chain of Gaussian barriers. Unlike the previous case, this system cannot be simply interpreted

in classical terms, even when� = 0, unless the position variable covers the whole real linex 2 R. To

illustrate where the classical interpretation fails, let us consider the unperturbed potentialV (x; 0). In this

case, the system can indeed be interpreted as a periodic potential, namely a Gaussian chain of barriers, each

separated by distance� . Let x j denote the position of thej -th barrier centre, that is,x j = j� . From the

formula above, we compute the derivative with respect tox in order to locate the extrema:

@xV(x; 0) = �
V0p
2�� 3

X

k

(x � k� )e� ( x � k� ) 2

2� 2 : (4.136)

Substitutingx = x j = j� , we obtain a nonzero remainder term:

@xV(x j ; 0) = �
V0�

p
2�� 3

X

k6= j

(j � k)e� � 2 ( j � k ) 2

2� 2 ; (4.137)

where the summand is antisymmetric inj; k and vanishes only fork 2 Z. However, in numerical calcu-

lations, especially in the perturbed case, the system is restricted to a �nite grid, allowing only for a �nite

number of centres. As a result, antisymmetry is broken, and a nonzero contribution remains. Furthermore,

additional extrema may emerge at positions other than integer multiples of� , depending on the width of

the Gaussian barriers. The classical dynamics of this system is therefore more involved, but can still be

described qualitatively. It is a combination of bounded motion around �xed points, unbounded motion over

the barriers, and semi-bounded motion over smaller barriers up to a higher-energy barrier where re�ection

occurs. Nevertheless, as the number of barriers increases and the width of each Gaussian increases, this

classical description becomes progressively less traceable.
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Figure 4.16: An example of a classical �ow of a perturbed Gaussian chain. The variety of the types of dy-

namics is diverse: from bounded motion in local wells (blue-colored closed curves) to unbounded evolution

of the classical system (red curves going from far left to far right), existing without any regularity.

Isolated system

For the simulations, we considered an isolated system with the potential de�ned in Eq. (4.135), using the

parametersV0 = 0 :015[a.u.] for the barrier amplitude,� =
p

50[a.u.] for the barrier width and� = 50 � � x

[a.u.] for the mean separation. For these parameters, the mean phase-space trajectories of the system and the

corresponding averages are shown in Fig. 4.17

Figure 4.17: The phase-space trajectories of the WDFs for the open system.

We can notice that no closed phase-space trajectories form under time evolution for all the considered cases,

where for some cases of� , a trajectory is a straight line, regardless of the underlying probability distribution.

Additionally, the ensemble average almost precisely follows the dynamics of the unperturbed system. The

approximated average of the ensemble is strongly damped, where shortly after the start of the simulation, it

loses all of the momentum, jittering aroundp � 0� [a.u.]. To complement this picture, we investigated the

statistical parameters of the WDF and their change, which leads to the behaviour displayed in Fig. 4.18.
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Figure 4.18: The standard deviation and covariance of momentum and position of the WDF for the isolated

multiple barrier system.
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At �rst glance, the second centralised moments for the perturbed system and the ensemble average follow

almost identical behaviour, with the average resembling the dynamics of the unperturbed system. The grey

band is narrow, suggesting that, yet again, the structural disorder of the system does not impact the spread

of the WDFs drastically. In contrast, the approximation predicts excessive growth of the moments, which

is inconsistent with the isolated ensemble. The structure of the potential can be noticed in the oscillatory

character of the ensemble average and in the grey band that represents the elements of the ensemble.

Figure 4.19: The nonclassicality parameter and the Wigner-Shannon entropy of the isolated multiple barrier

system.

In the isolated case, the nonclassicality parameter increases with time, while the Wigner-Shannon entropy

increases modestly, as seen in Fig. 4.19. This re�ects the persistence of the interference patterns within the

system when there are no environmental effects present. The values of the parameters for each perturbed

system stay relatively close to those for the WDF of the unperturbed system. However, the introduction

of multiple barriers reduces the effectiveness of ensemble averaging, as the parameters for the averaged

WDF lie below the values for the unperturbed case, indicating that more samples should be considered for

such systems. Although the parameters for the ensemble average display a similar but weaker behaviour, the

approximated average overshoots the entropy values and overdamps the interference within the system. This

is especially visible in the nonclassicality parameter, Figs 4.19a, 4.19c, where shortly after the beginning

of the evolution, the system ends up in a positive state with nonclassicality equal to0. Of course, this
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is unsurprising, as the decoherence term appears in the evolution equation for the approximated Wigner

function.

Figure 4.20: The purity and the Loschmidt echo for the isolated multiple barrier system.

The purity of the system remains the same for both perturbed and unperturbed evolutions, in

Figs 4.20a, 4.20c, con�rming that static disorder alone does not induce mixing. Due to the dephasing be-

tween each realisation, the purity of the ensemble average is lower than1. However, it appears to tend to

a constant in a long time limit with vanishing oscillations around it, which suggests a consistent mixture

throughout the rest of the evolution. In contrast, the approximation overestimates the drop in purity, leading

to a perfect mixture in a �nite time. Moreover, we are unable to notice the narrow grey band in the case of

the Loschmidt echo, in Figs. 4.20b, 4.20d, as was present in the single-barrier systems. It suggests a strong

susceptibility of the system to perturbation. Based on the dual interpretation of the Loschmidt echo, we can

also say that the system loses the dynamical invertibility property, but only to some extent, as it does not

tend to0. However, as it also measures the overlap between each realisation and the unperturbed WDF, we

can say that the disorder within the initially periodic potential greatly in�uences the state of the system,

which will be emphasised in the subsequent �gures. To further investigate the system, we now consider the

distance measures in Figs 4.21 and 4.22.
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Figure 4.21: The distance between the WDF for the unperturbed potential and each of the following for the

isolated multiple barrier system: the perturbed WDF, the ensemble average, and the proposed approximation

of the average.

Figure 4.22: The distance between the ensemble averageE[%] and proposed approximation�%in the case of

the isolated multiple barrier system.

In the barrier chain case, the distance measure from the unperturbed case forms a nearly constant-width

band from perturbed realisations. Each realisation of the system stays within a certain distance from the

unperturbed WDF throughout the evolution period and does not tend, ast ! + 1 , to a common �nal

state. Disorder alone does not diverge trajectories in the phase space of initially structurally symmetric

systems. The ensemble average is con�ned within this band, however, in all cases, the distance remains

strictly positived1 > 0. This indicates that, in terms of theL 2-norm, both functions differ regardless of

the underlying probability distribution of the random vector� . However, the ensemble average stays closest

to the unperturbed WDF. By contrast, the blue line representing the distance between the approximated

average and the unperturbed WDF rapidly increases towards unity, meaning that it is nearly orthogonal to the

unperturbed WDF. This contradictory divergence is clearly visible in Fig. 4.22. Therefore, the approximation

does not track the ensemble but instead provides a bound on possible decoherence effects.
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Open system

Like in previous cases, we start with the phase-space trajectories of the system, displayed in Fig. 4.23.

Figure 4.23: The phase-space trajectories of the WDFs for the open system.

Judging by the type of phase-space trajectories, we can state that there are no premises for the closed

trajectory within the system. By including the environmental effects, we can notice the gradual decrease

of the average momentum value for all functions considered, which was also present in the case of the

open single-barrier system 4.10. Moreover, there is a visible decrease in the oscillatory character of the

phase-space trajectory compared to the isolated system 4.17. The phase-space trajectory for the average of

the ensemble WDF traces the unperturbed dynamics, while its approximation also depicts the worst-case

scenario of the damping of the system. We complement the discussion of the statistical parameters for the

WDF by considering the centralised second moments, as done previously. Those are shown in the Fig. 4.24.
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Figure 4.24: The standard deviation and covariance of momentum and position of the WDF for the open

multiple barrier system.
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In addition to the prior discussion, the bandwidth depicting the in�uence of the disorder of the system

is greatly reduced, suggesting that no signi�cant spreading of the position and momentum between the

realisations takes place. This narrowing of the grey band results from the interaction with the environment

and was not visible in the case of the single-barrier system. However, this effect might result from the

choice of the potential rather than the interaction with the environment. Moreover, the� p is nearly constant.

Additionally, the average Wigner distribution's statistical parameters are closer to the unperturbed dynamics,

whilst the approximation does not resemble the behaviour of the real system, but still is held within the

system's bounds.

Figure 4.25: The nonclassicality parameter and the Wigner-Shannon entropy of the open multiple barrier

system.

The introduction of environmental effects drastically changes the behaviour of nonclassicality parameter and

Wigner-Shannon entropy. Let us start by noticing that the grey band formed by the values of the nonclassi-

cality and Wigner-Shannon entropy from all considered realisations is becoming narrower during the time

evolution. Both measures are monotone after the initial evolution: the nonclassicality is strictly decreasing

towards some unknown constant while the Wigner-Shannon entropy increases. Moreover, the nonclassical-

ity of the ensemble-averaged WDF is drastically lower than the nonclassicality of each realisation of the

system. In contrast, the Wigner–Shannon entropy of the averaged WDF closely follows the values for the

unperturbed case. This behaviour is clearly different from that observed in the isolated system, where both

measures underperformed. Yet again, it con�rms that the environment in�uences the spread of informa-
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tion between the realisations of the system, as in the case of the single-barrier open system 4.12b, 4.12d.

Surprisingly, the nonclassicality parameter of the approximated ensemble average is strictly closer to the

ensemble average value but still overdamps the value. However, the entropy production is still higher in the

approximated case, especially in the long-time limit.

Figure 4.26: The purity and the Loschmidt echo for the open multiple barrier system.

Both the purity and the Loschmidt echo decrease, re�ecting the expected loss of coherence, tending to0

for both measures. Thus, as time progresses, the system becomes a perfect mixture of states. The echo of

the ensemble average WDF is kept within the grey band of the realisations of the ensemble. However, for

purity, it underestimates the initial values, so that later during the evolution, it aligns with the green line. The

approximation yields a signi�cantly faster decay, consistently underestimating both quantities. In contrast

to the isolated case, the purity of the system does not form a narrow band. Instead, a dependence on the

realisation of the system is observed. Complementarily, the echo of the system forms a narrower band in

the case of the open system. This behaviour con�rms that static disorder and decoherence perturb the purity

and reversibility of the dynamics, while the lack of environmental effects preserves purity and allows for

some degree of reversibility within the system. However, as evolution progresses, the interaction with the

environment results in a decreased spread between each component of the ensemble.
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Figure 4.27: The distance between the WDF for the unperturbed potential and each of the following for the

open multiple barrier system: the perturbed WDF, the ensemble average, and the proposed approximation

of the average.

Figure 4.28: The distance between the ensemble averageE[%] and proposed approximation�%in the case of

the open multiple barrier system.

Ensemble averages remain close to the unperturbed state, while the approximation diverges. The growth

and saturation of distances involving the approximation con�rm that it overestimates the effect of disorder,

irrespective of its distribution. The small separations among realisations and the ensemble average highlight

the limited role of disorder in modifying the dynamics.
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4.5.4 Discussion of numerical results

Comparisons of considered measures across Gaussian and uniform disorder reveal qualitatively similar be-

haviour for isolated and open quantum systems. Starting with the single-barrier system, we noticed that the

phase-space trajectories, as well as the second moments, do not differ between the isolated and the open

system for a weakly interacting environment. By Eq. (4.119), the difference in the phase-space trajectories

is visible in the asymptotic region, where away from the potential barrier we can assumeh@xV(x; � )i � 0.

Then, the solutions to the respective ODEs can be presented as follows: for the isolated system

hxi (t) =
pas

m
t + xas;

hpi (t) = pas;
(4.138)

and the open system

hxi (t) = e� � x t xas +
pas

m(� x � � p)
e(� x � � p )t ;

hpi (t) = pase� � p t :
(4.139)

This leads to the conclusion that if� p > 0 then p(t) ! 0, as t ! + 1 . This decreasing tendency of

p(t) is already visible in Fig. 4.10 for the evolution of an open system, due to the scale of� p chosen for

the simulations. Most importantly, however, the average momentum should be constant as time approaches

in�nity, while in the case of the open system, it should decrease towards0, unless� p = 0 .

In the case of second moments, the asymptotic equations of Eq. (4.120) yield

� 2
x (t) =

1
m2 � 2

pas
t2 +

2
m

covas(x; p)t + � 2
xas

� 2
p(t) = � 2

pas
;

cov(x; p)( t) =
1
m

� 2
pas

+ covas(x; p):

(4.140)

while the solution to the system for the open system is given by
2

6
6
4

� 2
x (t)

� 2
p(t)

cov(x; p)( t)

3

7
7
5 = etM

2

6
6
4

� 2
xas

� 2
pas

covas(x; p)

3

7
7
5 +

Z t

0
e(t � s)M

2

6
6
4

Dpp

Dxx

� Dxp

3

7
7
5 ds; (4.141)

where

M =

2

6
6
4

e� 2t � x 1
m2 (� p � � x )2

�
e� � x t � e� � p t

� 2 2e� � x t

m(� p � � x )

�
e� � x t � e� p t

�

0 e� 2� p t 0

0 e� t � p

m(� p � � x )

�
e� t � x � e� t � p

�
e� t (� x +� p )

3

7
7
5 ; (4.142)

where the matrix form was used for convenience. Taking the limitt ! + 1 we see that the isolated system's

x-standard deviation and covariance tend to in�nity while� 2
p is constant. On the contrary, the same limit

applied to the parameters of the open system gives
2

6
6
4

� 2
xas

� 2
pas

covas(x; p)

3

7
7
5 =

2

6
6
4

1
2� x

1
2m2 � x � p (� x +� p )

1
m(� x +� p )� x

0 1
2� p

0

0 1
2m(� x +� p )� p

1
� x +� p

3

7
7
5

2

6
6
4

Dpp

Dxx

� Dxp

3

7
7
5 ; (4.143)
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keeping the asymptotic values of the second moments �nite.

Unfortunately, similar asymptotic approximations cannot be applied to the case of the chain of Gaussian

barriers because the potential is no longer vanishing at in�nity. This would imply thath@xV(x; � )i 6= 0 .

We shall, however, approximate the function in the following manner: let@xV(x) = F (x) and de�ne

� = x � h xi . AssumingF is smooth, we can expand it in the Taylor series around the meanhxi

F (x) = F (� + hxi ) � F (hxi ) +
d

dx
F (hxi )� +

1
2!

d2

dx2 F (hxi )� 2 + O(� 3); (4.144)

assumingh� i = 0 . Averaging this equality gives

hF (x)i = hV (x)i � F (hxi ) +
1
2!

d2

dx2 F (hxi )


(x � h xi )2�

: (4.145)

Omitting further terms, we see that the last term is the square of the standard deviation of position, and thus

the average momentum is coupled with second moments. The total system of equations reads
8
>>>>>>>>>>>><

>>>>>>>>>>>>:

@t hxi =
1
m

hpi � � x hxi ;

@t hpi = � @xV(hxi ; � ) �
1
2!

@3
xxx V(hxi ; � )� 2

x � � p hpi ;

@t � 2
x =

2
m

cov(x; p) � 2� x � 2
x + Dpp;

@t � 2
p = � 2cov(p; @xV(x; � )) � 2� p� 2

p + Dxx ;

@t cov(x; p) =
1
m

� 2
p � cov(x; @xV(x; � )) � (� x + � p)cov(x; p) � Dxp :

(4.146)

We shall do the same approximation in the case of terms: cov(x; @xV(x; � )) , cov(p; @xV(x; � )) . Ap-

plying previous calculations to the �rst expression yields cov(x; @xV(x; � )) � @2
xx V(hxi ; � )� 2

x and

cov(p; @xV(x; � )) � @xx V(hxi ; � )cov(x; p). Substituting those expressions into the system of ODEs, we

arrive at the following system of coupled equations
8
>>>>>>>>>>>><

>>>>>>>>>>>>:

@t hxi =
1
m

hpi � � x hxi ;

@t hpi = � @xV(hxi ; � ) �
1
2!

@3
xxx V(hxi ; � )� 2

x � � p hpi ;

@t � 2
x =

2
m

cov(x; p) � 2� x � 2
x + Dpp;

@t � 2
p = � 2@2

xx V(hxi ; � )� 2
p � 2� p� 2

p + Dxx ;

@t cov(x; p) =
1
m

� 2
p � @2

xx V(hxi ; � )� 2
x � (� x + � p)cov(x; p) � Dxp :

(4.147)

For further simpli�cation, the values of parameters� x ; Dpp andDxp are �xed corresponding to the simula-

tions performed, leading to the following equations
8
>>>>>>>>>>>><

>>>>>>>>>>>>:

@t hxi =
1
m

hpi ;

@t hpi = � @xV(hxi ; � ) �
1
2!

@3
xxx V(hxi ; � )� 2

x � � p hpi ;

@t � 2
x =

2
m

cov(x; p);

@t � 2
p = � 2@2

xx V(hxi ; � )� 2
p � 2� p� 2

p + Dxx ;

@t cov(x; p) =
1
m

� 2
p � @2

xx V(hxi ; � )� 2
x � � pcov(x; p):

(4.148)
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We notice that in the lowest order of approximation, the system strongly depends on the form of the potential

V (x; � ). The most standard approach, assuming thatV can be treated locally as a harmonic potential drops

the information about the coupling between the momentum average and standard deviation of position. From

this system, we can identify the stationary points of the phase-space trajectories, that is, by assuming that

the LHS is equal to zero. The solution to the stationary problem is given by the following 5-tuple

(hxi ; hpi ; � 2
x ; � 2

p; cov(x; p)) stationary = ( hxi 0 ; 0; � 2
x0

; � 2
p0

; 0); (4.149)

wherehxi 0, � 2
x0

, � 2
p0

are solutions, provided they exist, to the following algebraic equations

hxi 0 : @x (@xV)2(hxi 0 ; � ))( @2
xx V(hxi 0 ; � ) + � p) =

Dxx

2m
@3

xxx V(hxi 0 ; � );

� 2
x0

: � 2
x0

= 2
@xV(hxi 0 ; � )

@3
xxx V(hxi 0 ; � )

;

� 2
p0

: � 2
p0

= m
@x (@xV)2(hxi 0 ; � ))

@3
xxx V(hxi 0 ; � )

:

(4.150)

First of all, we shall start with the fact that it is not necessary to consider the case of the isolated system

separately, since substituting� p = Dxx = 0 leads to the equivalent system of equations. The existence

of the solution to the �rst equation gives us qualitative insight into the dynamics of the system around

the stationary point. It is especially important due to the Grobman-Hartman theorem [8], which states that

the dynamics of the linearised system around a stationary point is the same as that of the original system.

Knowing thathpi 0 = 0 is the coordinate of the stationary point, it would imply that the system might be

approaching the average momentum equal to0 or diverge from it. In the case of the isolated system, we

see that the �rst or second derivative of the potential vanishes at the stationary mean position, which means

thathxi 0 is simply an extremum or an in�ection point. In this case,� 2
p0

= 0 and� 2
x0

< + 1 . However, the

existence of the stationary point does not mean that the whole dynamics of the system is dependent upon it,

as the Grobman-Hartman theorem works only locally. As can be seen in the phase-space trajectories of the

system of chain of barriers 4.17, the isolated system's average momentum is not approaching0, and neither

its average position approaches a �nite value. The dynamic is visibly unbounded. However, in the case of

the open system, where� p; Dxx > 0, the �rst of the equations (4.150) may produce the stationary point,

depending on the parameters of the potential and the environment. By Fig. 4.23, we suspect that this system

has a unique solution, associated with the parameters of the stationary state of the equation of motion, as

by the remark that the nonclassicality, in Figs. 4.25a, 4.25c, tends to0 as t ! + 1 , and by Hudson's

theorem [91] we expect the �nal state to be of the type of Gaussian distribution or a positive mixed state

with parameters given by the stationary points.

Continuing with the evolution of the state, let us answer the question of how the introduction of the

environment changes the positivity of the WDF. By the de�nition of the nonclassicality parameter, we can

investigate its time derivative
d
dt

� (t) =
Z

R2
@t j%(x; p; t ; � )j dxdp: (4.151)

Using the fact that, in the distributional sense,@t j%j = sgn(%)@t %, we can write

d
dt

� (t) =
Z

R2
� (%(x; p; t ; � ))@t %(x; p; t ; � )dxdp; (4.152)

D. Woźniak Dynamics of Quantum State: Phase-Space Approach



4. Results 77

where the delta under the integral is the Dirac delta composed with a Wigner function. For the next step,

we substituted for the time derivative the form of the equation of motion (4.31), and used the Dirac delta,

interpreted as the simple layer integral [153]
Z

R2
� (u(x; p)) ' (x; p)dxdp :=

Z

�

' (x; p)
jr u(x; p)j

d� ; (4.153)

together with its derivative with respect to the composed function, that is
Z

R2

d
du

[� (u(x; p))] ' (x; p)dxdp = �
Z

R2
� (u(x; p))

�
r ' (x; p) � r u(x; p)

jr u(x; p)j2

� ' (x; p)
rjr u(x; p)j � r u(x; p)

jr u(x; p)j3

�
dxdp;

(4.154)

where� = f (x; p) : u(x; p) = 0 g is the level set of the functionu(x; p), and' 2 C1
0 (R2). Performing a

few cumbersome manipulations, we arrive at the following expression

d
dt

� (t) = 2
Z

R2
� (%(x; p; t ; � ))

+ 1X

k=0

(� 1)k

(2k + 1)!

�
~
2

� 2k

@2k+1
x [V (x; � )]@2k

p [%(x; p; t ; � )]@p%(x; p; t ; � )dxdp

�
Z

R2
� (%(x; p; t ; � )) r %(x; p; t ; � )T Dr %(x; p; t ; � )dxdp;

(4.155)

where

D =

"
Dpp � Dxp

� Dxp Dxx

#

: (4.156)

As we can observe, the time evolution of the nonclassicality parameter is strictly linked to the appearance of

negative regions of the Wigner function. The �rst term on the right-hand side of Eq. (4.155) corresponds to

isolated dynamics and arises solely from the potential. In particular, if the potentialV (x; � ) is a polynomial

of at most second order, the nonclassicality parameter in isolated systems remains constant. This is consistent

with the results we have presented in [185]. Furthermore, the �rst derivative of the potential does not affect

the time evolution of the nonclassicality parameter. In general, the only difference between the evolution

of the nonclassicality parameter of isolated and open quantum systems lies in the presence of the matrixD

and the form of%(x; p; t ; � ). Considering a single-barrier system away from the potential, we may assume

V(x; � ) � 0. This leaves the only nonvanishing contribution associated with the environment, while the

dynamical term originating from the potential vanishes. In our scenario withDpp = Dxp = 0 , we have

d
dt

� (t) = � Dxx

Z

R2
� (%(x; p; t ; � ))( @x%(x; p; t ; � ))2dxdp = � Dxx

Z

�

(@x%(x; p; t ; � ))2

jr %(x; p; t ; � )j
d� � 0;

(4.157)

and since nonclassicality parameter is bounded from below by0, we conclude that� (t) ! 0+ ast ! + 1 .

This argument remains valid for nonzeroDpp andDxp , since Lindbladian dynamics require that the matrix

D be positive.

Turning our attention to the case of the system of a sequence of Gaussian barriers, we notice in

Fig. 4.19a, 4.19c that the nonclassicality of the unperturbed and disordered system in the isolated case

increases with time. Simultaneously, for the open system 4.25a, 4.25c , it initially increases and then in-

�ects. We can associate it with the possible increase of the negative area of the WDF, which contributes to
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the second term of the right-hand side of the Eq. (4.155), surpassing the contribution from isolated dynam-

ics. A particularly interesting phenomenon arises in the case of a single barrier, where disorder leads to a

grey bandwidth of allowed nonclassicality values, regardless of whether the system is isolated 4.6a, 4.6c or

open 4.12a, 4.12c. In contrast, for a chain of Gaussian barriers, the grey band exhibits a different geometric

structure in the open system. The environment gradually �lters the disordered system toward a speci�c �-

nal state, as the initially broad grey band shrinks with increasing time. This implies that the nonclassicality

parameter in this scenario is becoming disorder-insensitive.

For further analysis, we shall consider together the purity of the state and the Wigner-Shannon entropy.

According to the provided de�nition, the Wigner-Shannon entropy is coupled with the purity of the state.

This is the result of the normalisation used. Namely, during our previous [97, 185, 186], we investigated

the interpretation of the Wigner function as a probability amplitude, rather than the quasi-probability distri-

bution, leading to the re�ned Wigner-Shannon entropy for the Wigner function (4.125). From the fact that

k%k2
L 2 (R2 ) = D(t; � )=(2� ~), whereD(t; � ) is the purity of the state, we have the following equality

S1(t; � ) = 2 ln
D(t; � )

2� ~
� 2

2� ~
D(t; � )

Z

R2
%2(x; p; t ; � ) ln

�
%2(x; p; t ; � )

�
dxdp: (4.158)

For all considered cases, we observe that the entropy increases over time. Consequently, the square of

WDF divided by the purity gradually occupies an increasingly larger area in the phase space. In the case

of the isolated single-barrier system, however, entropy increases only over a �nite time interval, due to

the interaction with the potential barrier, as the purity is equal to the identity. Further evolution, driven

by shearing transformation, does not in�uence the area occupied. Since entropy is associated with a rate

of diffusivity of the distribution, we also conclude that interaction with the potential induces spreading of

the distribution over the phase space. On the other hand, in the case of the open system, the spreading of

the distribution is simultaneously driven by the interaction with both the potential and the environment.

This continuous interaction with the environment prevents the appearance of visible plateau intervals in

Figs 4.12b, 4.12d, which were observed in Figs 4.6b, 4.6d. However, in the entropy of the open system,

the moment of interaction with the potential barrier is visible as a small in�ection of the entropy curve,

aroundt � 2 � 103 [a.u.], not as severe as in the case of the isolated system. Nonetheless, just like in the

case of the nonclassicality parameter, the grey band of the Wigner-Shannon entropy created from different

realisations of the system tightens consequently. The entropy is strictly constrained, and no� -dependent

deviations occur in the evolution.

The width of the band can be estimated in terms of the standard deviation of a given measure with

respect to the probability distributionP(� ). Let us de�ne a function� (x; p; t ; � ) as

� (x; p; t ; � ) := r � %(x; p; t ; � ); (4.159)

that is, a� derivative or a gradient of a WDF. This rate of change of the WDF with respect to the vector�

satis�es the modi�ed equation of motion

@t � = � p@x � + f V (x; � ); � g

+ � x@x (x� ) + � p@p(p� ) +
1
2

Dpp@2
xx � +

1
2

Dxx @2
pp� � Dxp@2

xp �

+ fr � V(x; � ); %(x; p; t ; � )g?:

(4.160)
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The only difference in the form of the equation of motion for� (x; p; t ; � ) and%(x; p; t ; � ) is the appearance

of the driving term associated with the sensitivity of the potential to the random parameter. By the fact that

the initial condition for the equation of motion of the WDF is independent of� , � (x; p; 0; � ) = 0, we can

write a solution in the form

� (x; p; t ; � ) =
Z t

0
e(t � s)L̂ (� ) fr � V(x; � ); %(x; p; s; � )g? ds: (4.161)

Simultaneously, let us consider any functional of the WDF. Namely, letf : [� 1=(� ~); 1=(� ~)] ! R be a

function such that the following integral

F [%](t; � ) :=
Z

R2
f (%(x; p; t ; � ))dxdp; (4.162)

is well-de�ned for anyt � 0. This functional encapsulates the most of the phase-space measures used to

quantify the WDF, namely forf (u) = juj � u, we regain the nonclassicality parameter, while forf (u) = u2

we reclaim the rescaled purity.

Let us re-express the WDF in terms of the Taylor series with respect to the random parameter�

%(x; p; t ; � ) � %(x; p; t ; 0) + r � %(x; p; t ; � )

�
�
�
�
� = 0

� � ; (4.163)

then expanding the functionf in the Taylor series yields

f (%(x; p; t ; � )) � f
�

%(x; p; t ; 0) + r � %(x; p; t ; � )

�
�
�
�
� = 0

� �
�

� f (%(x; p; t ; 0)) + f 0(%(x; p; t ; 0)) r � %(x; p; t ; � )

�
�
�
�
� = 0

� � :
(4.164)

Integrating the expression above overdxdp gives the following equality

F [%](t; � ) = F [%](t; 0) +
Z

R2
f 0(%(x; p; t ; 0)) r � %(x; p; t ; � )

�
�
�
�
� = 0

dxdp � � : (4.165)

Notice thatF [%](t; 0) is nothing different but the measure of the unperturbed WDF. Then, the variance of

the functionalF is given by

� 2(F [%]) = E
�
(F [u] � E [F [u]])2�

= E

" � Z

R2
f 0(%(x; p; t ; 0)) r � %(x; p; t ; � )

�
�
�
�
� = 0

dxdp � �
� 2

#

= � 2
�










Z

R2
f 0(%(x; p; t ; 0)) r � %(x; p; t ; � )

�
�
�
�
� = 0

dxdp










2

;

(4.166)

where the last expression was obtained due to the statistical independence of the coordinates of the vector

� . Using now the formula (4.161) we obtain the following

� 2(F [%]) � � 2
�










Z

R2
f 0(%(x; p; t ; 0))

Z t

0
e(t � s)L̂ (0) fr � V(x; 0); %(x; p; s; 0)g? dsdxdp










2

: (4.167)

We conclude that the width of the band of the realisations in this setup is only associated with the sensitivity

of the potential to the perturbations. To emphasise this dependence even further, we assume that the time

instance is so short thatexp
n

(( t � s)L̂ (0))
o

� 1̂, then

� 2(F [%]) � � 2
�










Z

R2
f 0(%(x; p; t ; 0)) fr � V(x; 0); %0(x; p)g? dxdp








 ; (4.168)
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which depends only on the sensitivity of the underlying measure functionf to changes in the values of the

unperturbed WDF, and the potential sensitivity to the disorder.

The previous formula can be applied to any measure, however, we would like to focus on the following

pair: the purity and the Loschmidt echo. Both of those measures evolve according to the following equations,

for the purity

d
dt

D(t; � ) = (� x + � p)D (t; � ) �
Z

R2
r %(x; p; t ; � )T Dr %(x; p; t ; � ) dxdp; (4.169)

and for the Loschmidt echo

d
dt

M (t; � ) = (� x + � p)M (t; � )

+ 2 � ~
Z

R2

�
f V (x; 0) � V (x; � ); %(x; p; t ; 0)g � r %(x; p; t ; 0)T Dr %(x; p; t ; � )

�
dxdp:

(4.170)

Both satisfy similar evolution equations, yet the Loschmidt echo evolution depends on one additional term,

namely the difference of the unperturbed and perturbed potentials. Unlike purity for the isolated system,

which does not vary in time, the Loschmidt echo might still exhibit changes, as the potential difference

term in�uences its time derivative, as visible in Figs 4.20b 4.20d and especially in Figs 4.26b 4.26d. The

latter �gure distinctively shows the irreversibility of the dynamics, as, unlike in the single barrier case, the

Loschmidt echo does not return to the initial value. This highlights its power, as purity in the case of iso-

lated systems does not exhibit any change, while qualitative properties of the system drastically change.

Opening both systems leads to natural decreas in their purities as seen in both equations. There is a possi-

bility to estimate the bound on the rate of decrease of purity, however it requires a bounded domain. Let us

assume that instead of an unbounded domainR2 we are considering some bounded domain
 � R2, and

suitable class of functions%(x; p; t ; � ) vanishing on the boundary, that is,%
�
�
@
 = 0 . Then by Friedrichs'

inequality [140, 40, 60] we have
Z

R2
r %(x; p; t ; � )T Dr %(x; p; t ; � ) dxdp � min(� (D))kr %(x; p; t ; � )k2

L 2 (
)

�
min(� (D))
diam(
)

k%k2
L 2 (
) =

min(� (D))
2� ~diam(
)

D (t; � ):
(4.171)

Thus, the rate of decrease of purity for bounded domains cannot be greater than

D(t; � ) � e
t
�

� x +� p � min( � ( D))
2� ~diam(
)

�

; (4.172)

where min(� (D)) is the smallest of the eigenvalues ofD and diam(
) = sup x;y 2 
 jx � yj is the diameter

of the set
 . While it holds for bounded domains, the author was not aware of the similar inequalities for

unbounded ones, believing that for suitably weighted spaces, a similar inequality can be achieved.

Before concluding, we focus on the behaviour of the parameters of the proposed approximation of the

ensemble average. Let us recall, that we de�ne the approximated ensemble averaged WDF,�%(x; p; t ), as a

solution to the equation (4.114), with the initial condition in the form of the Gaussian function (4.115). In

most �gures, the ensemble average's parameters nearly perfectly trace behind the values obtained for the

unperturbed system, whereas the WDF for the ensemble average is relatively"close" to the unperturbed
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WDF, given the distance (4.132). Even more signi�cantly, in the case of the single barrier, the interaction

with the potentialV (x; � ) temporarily breaks this similarity, after which the system returns close to the

unperturbed behaviour, as seen in Figs 4.8 4.14. This is not the case in the chain of barriers, where the

distance between those distributions initially increases to a certain level, around which it stays for further

evolution, by Figs 4.21 4.27. Tracing the evolution of the parameters of the approximated ensemble aver-

age, we can conclude that they do not resemble the parameters of the real ensemble average WDF. The

values are generally over- or underestimated, while some similarities can be found in a very short time.

However, the distance between approximation and ensemble average or the unperturbed WDF increases

quickly, saturating the distance up to a nearly maximal value. This would imply that the time-proportional

decoherence term in Eq. (4.114) suppresses the initial state very quickly in comparison to the decoherence

associated with averaging the realisations of the system. Let us consider one more property of the system

under study. In general, it is expected that, for each� , the initial value problem given by (4.31) possesses

what is known as a stationary solution. It is de�ned as the limit of the solution to the initial value problem

ast ! + 1 [3, 77, 188]

%1 (x; p; � ) := lim
t ! + 1

%(x; p; t ; � ): (4.173)

Although the existence of such solutions was proved for the Fokker-Planck equation with harmonic poten-

tial [5, 158], these results do not cover the case of a time-dependent dissipative term, as presented in our

approximate solution. From the form of the equation of motion (4.114) we observe that fort � 1, the

following relation holds

@t �%= f �V (x); �%g? + t� 2
�

X

k

(@2
xx vk (x; 0))2@2

pp �%; (4.174)

Introducing the effective dissipation functionDef f (x) := � 2
�

P
k (@2

xx vk (x; 0))2 the solution to this equation

can be expressed as

�%(x; p; t ) =
Z

R
R(x; p0)K (x; p; p0; t)dp0; (4.175)

where R(x; p0) is an unspeci�ed time-independent asymptotic function of the system, and the kernel

K (x; p; p0; t) has the following form

K (x; p; p0; t) =
1

2� ~

Z

R
e� i

~ t[ �V (x+ y
2 ) � �V (x� y

2 )] � t 2

2~2 D ef f (x)y2
e

i
~ y(p� p0)dy: (4.176)

From this expression, it follows that

j �%(x; p; t )j =

�
�
�
�

Z

R
R(x; p0)K (x; p; p0; t)dp0

�
�
�
� �

1
p

2�D ef f (x)t

Z

R
jR(x; p0)jdp0: (4.177)

Thus, as long as the integral of the RHS is �nite, the solution tends pointwise to0, ast ! + 1 , for all x

such thatDef f (x) > 0. The bound of the function is independent of the type of potential, since the potential

only contributes oscillatory terms, which vanish under the modulus. In the case of an ensemble of single-

barrier systems, each perturbed by the random vector� , the average potential�V (x) is expected to be mostly

con�ned around the meanx = 0 . This corresponds to the regions whereD(x) > 0 and where the dissipation

occurs, as shown in Figs. 4.6 4.12. During further evolution, where�V (x) � 0 and alsoDef f (x) � 0, the

decay of a function slows down. This effect is visible in the same �gure, where the nonclassicality parameter

exhibits in�ection aroundt � 3 � 103 [a.u.]. In contrast, for the open system, the decoherence introduced
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by the environment enhances dissipation, suppressing nonclassicality to0, and driving�%! 0. Certainly,

the average potential�V (x) has a more exotic form, in the case of multiple Gaussian barriers, as it does not

exhibit a typical asymptotic of the barrier, that is,�V (x) ! 0+ asjxj ! + 1 . This property in�uences the

effective dissipation termDef f (x) asDef f (x) > 0 almost everywhere, leading to the rapid disappearance

of the approximated solution. Those results are supported by the distance measures 4.21 4.27, as they do not

decrease during the simulation period.

Nonetheless, for each realisation of the ensemble in the single barrier case, we expect that advection in

the position variablex, resulting from the absence of a con�ning potential, dominates the dynamics. This

implies that whether the system is isolated or open, long-time behaviour is governed primarily by advection,

with additional momentum spreading in the open case. Consequently, no stationary state is expected. In

contrast, the ensemble of chains of Gaussian barriers, the constant interaction with the potential suppresses

the advection in position and momentum, allowing for the formation of the stationary state for each case.

However, the form of this state is unknown and must be investigated separately.
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Summary and perspectives

The phase-space approach to quantum mechanics provides well-structured and intuitive tools, closely re-

lated to the mathematical framework of classical mechanics, for analysing the dynamics of various complex

quantum systems. This strong connection to the classical formalism has motivated its application across

various areas of physics, typically through slight modi�cations of the underlying Moyal equation. Examples

include the study of carrier transport in semiconductors via the Wigner-Boltzmann equation, or the evolu-

tion of relativistic plasmas described by the Wigner-Vlasov equation. Moreover, this formulation facilitates

semiclassical analysis, since its classical counterpart, the Liouville equation, has already been extensively

studied. However, several challenges remain, one of which is the dif�culty of determining whether a given

Wigner function corresponds to a physical quantum state without referring back to the density operator.

More signi�cantly, the phase-space approach inherently doubles the number of variables required to de-

scribe the system. Although this issue is not a major obstacle in theoretical analysis, it imposes substantial

limitations on the numerical implementation of computational algorithms.

Throughout this work, many of these challenges have been encountered. Still, the use of phase-space

methods for open quantum systems offers clear advantages, particularly in terms of interpretability. The

results presented in this work can be summarised in three main steps: (1) the derivation of the equation of

motion for the Wigner function of an open quantum system, (2) the development of a numerical algorithm

and a split-operator scheme for subsequent calculations, (3) the derivation of the equation of motion for

the approximated ensemble average Wigner function, and the analysis of numerical results for the phase-

space characteristics of the quantum system. We began with the phase-space formulation of the evolution of

the total system, where integration over the bath degrees of freedom was carried out, along with a series of

approximations. These included the assumption of weak interaction between the system and its environment,

allowing for separability of the Wigner function of the total system; the Markovian approximation, which

neglects memory effects; and the secular approximation, which averages out non-resonant terms in the

equation of motion. Although this approach proved successful, the author's initial aim was to obtain the

equation through a derivation more directly related to phase-space quantum mechanics. The �nal equation

of motion of the system consisted of the Hamiltonian of the isolated system in the form of either a Gaussian

barrier or a chain of Gaussian barriers and a linear Lindblad operator. To solve this equation, we employed

the split-operator method, rewriting the exponential of the full operator as a product of separate exponentials,

up to a certain approximation error. However, we found that the kinetic and Lindbladian parts of the operator

can, in fact, be separated exactly. This result improves the algorithm, as no approximation is needed to

separate these contributions, which greatly simpli�es the implementation.
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Although this work has focused on two speci�c potential models, a more general analysis of phase-

space parameters in quantum systems is clearly required. Given the extent of this topic, several directions

for future research emerged during the preparation of this thesis. The �rst, currently under development, is

the construction of a general splitting scheme for quadratic operators. We have found that an exact splitting

method can be achieved for such operators, yielding precise solutions in terms of Fourier transforms without

the need for approximation. A second direction of research concerns the analysis of the Lindblad equation

for Cohen-class functions, i.e., functions expressed as the convolution of a kernel with a Wigner function.

We have already demonstrated that for the family of the so-called� -Wigner functions, the Lindblad-Wigner

equation of motion introduces imaginary terms dependent on the diffusion coef�cients. Finally, the study of

symmetries in disordered open quantum systems, along with the conditions for the existence of steady-state

solutions, represents another promising direction for further investigation.
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Useful de�nitions and theorems

De�nition A.1. [74] Let H be a vector space over �eldC. We callH aHilbert spaceif:

1. It is equipped with a sesquilinear inner producth�j�i : H � H ! C (inner product space);

2. It is a complete metric space with respect to the norm induced by inner product (convergence of all

Cauchy sequences).

Moreover, we say thatH is separableHilbert space if there exists a dense, countable subset ofH .

An element belonging to the Hilbert space is called astate vector.

De�nition A.2. [138, 128, 80] LetH 1 
 H 2 denote a set of all linear combinations of formal products of

the type� 
  for � 2 H 1 and 2 H 2. A tensor productof Hilbert spacesH 1, H 2, is a completion of

H 1 
 H 2 with respect to an inner product de�ned as

h� 1 
  1j� 2 
  2i := h� 1j� 2i H 1
� h 1j 2i H 2

;

for � 1; � 2 2 H 1, and 1;  2 2 H 2. Moreover such de�ned space is valid Hilbert space.

De�nition A.3. [10] Let Â be a linear operator de�ned in a Hilbert spaceD(Â) � H 1 with image inH 2,

Â(D (Â)) � H 2. Moreover, letk�kH 1
; k�kH 2

be norms in respective spaces. We say thatÂ is a bounded

(continuous) operatorif

9c > 0 8 2 D(Â) :





 Â 








H 2

� ck kH 1
: (A.1)

The smallest such constantc is called thenormof the operatorÂ.

By B(H 1; H 2) we shall understand theset of all bounded operatorsfrom H 1 to H 2, and ifH = H 1 = H 2,

thenB(H 1; H 2) = B(H) .

De�nition A.4. [138, 10, 16] LetH 1 andH 2 be two Hilbert spaces with inner productsh�j�i1, h�j�i2 respec-

tively. If there exists a linear operator̂U : H 1 ! H 2 such that
D

Û 
�
�
�Û �

E

H 2

= h j� i H 1
(A.2)

holds for all ; � 2 H 1 then we say thatH 1 andH 2 areisomorphic. If two space coincideH 1 = H 2 = H

and of the domain and range of the operator are equal toH , namelyD(Û) = Ran( Û) = H then we say

thatÛ is aunitaryoperator.
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De�nition A.5. [138] Let H be a separable Hilbert space with inner producth�j�i and letf ' ng+ 1
n=1 be an

orthonormal basis. For a positive operatorÂ we de�ne thetraceof Â as a number

Tr Â =
+ 1X

n=1

D
' n

�
�
�Â' n

E
: (A.3)

The trace is independent of the chosen basis.

De�nition A.6. [78, 24] LetH be a Hilbert space. ByL we denote a set of all operatorŝA over H for

which the trace

Tr
h
ÂyÂ

i
< 1 (A.4)

is �nite. Additionally, we de�ne a sesquilinear form:h:j:i : L � L ! C given as

D
Â

�
�
�B̂

E
:= Tr

h
ÂyB̂

i
: (A.5)

The pair(L ; h:j:i ) is called theLiouville spaceand it is a proper Hilbert space [138].

De�nition A.7. An operator�̂ acting on elements of Liouville spaceL is called asuperoperator.

De�nition A.8. Let u 2 Ck (Rn ) be ak� differentiable function de�ned overRn with coordinatesx =

(x1; x2; : : : ; xn ). We de�ne them-th, 0 � m � k multi-index derivative as

D m
x u(x ) =

@m u
@x� 1

1 @x� 2
2 : : : @x� n

n
(A.6)

where� 1 + � 2 + : : : + � n = m.

Analogously we de�ne them-th multi-index power of vector variablex , that is

x m = x � 1
1 x � 2

2 : : : x � n
n ; (A.7)

where� 1 + � 2 + : : : + � n = m.

De�nition A.9. [153, 50, 123] LetS(Rn ) denote the space of in�nitely differentiable functions' (x )

de�ned overRn for which the following inequality holds

8� � 0; � � 0 sup
x 2 Rn

jx � D � ' j < + 1 (A.8)

then we callS(Rn ) theSchwartz spaceor the space of smooth, rapidly vanishing functions.

Theorem A.1. [50] The following inclusion holdsS(Rn ) � L 2(Rn ) and the Schwartz space is dense in

L 2(Rn ).

De�nition A.10. [153, 60, 123] AFourier transformof a' 2 S(R)n is an integral transformF : S(Rn ) !

S(Rn ) de�ned as

(F ' )( � ) :=
1

(2� )n=2

Z

Rn
' (x )e� i x �� dnx; (A.9)

with an inverse given by

(F � 1 )( � ) :=
1

(2� )n=2

Z

Rn
 (x )ei x �� dnx: (A.10)
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Theorem A.2. [60] The previous de�nition of Fourier transform can be used for functions inL 1(Rn ). Then

' 2 L 1(R2) =) F ' 2 L 1 (Rn ).

De�nition A.11. [146] Let B be a normed space, that is a vector space with a de�ned normk:k, then we

say thatB is a Banach space if it is a complete space, namely every Cauchy sequence is convergent to an

element of this space.

De�nition A.12. [141] Let B be a Banach space. The family of bounded linear operatorsf Û(t)g, t � 0 is

called astrongly continuous semigroupif it satis�es the following conditions

• Û(t + s) = Û(t)Û(s) for t; s � 0

• Û(0) = 1̂

• the mapping[0; + 1 ) 3 t ! Û(t)v is continuous for everyv 2 B .
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Appendix B

Exact solution for polynomial potentials of

order at most 2

In this Appendix, we will consider a quadratic potentialV (x) = ax2 + bx + c with a > 0, b; c2 R to seek

a general solution for the evolution equation. First, let us recall a form of the Lindblad-Wigner equation for

such a potential

@t %= �
p
m

@x%+ ax@p%+ b@p%+ � p@p(p%) + � x@x (x%) +
1
2

Dxx @2
pp%+

1
2

Dpp@2
xx %� Dxp@2

xp% (B.1)

Using Fourier's transform with respect to(x; p) variables we arrive at

@t %̂=
�
m

@y%̂� ay@� %̂+ iby%̂� � x �@� %̂� � py@y%̂�
1
2

�
Dxx y2 + Dpp� 2 � 2Dxpy�

�
%̂ (B.2)

or equivalently

@t %̂+ ( ay + � x � )@� %̂+
�

� py �
1
m

�
�

@y%̂=
�

�
1
2

Dxx y2 �
1
2

Dpp� 2 + Dxp �y + iby
�

%̂; (B.3)

that leads to the characteristic equation

dt
1

=
d�

ay + � x �
=

dy
� py � 1

m �
=

d%̂
�
� 1

2Dxx y2 � 1
2Dpp� 2 + Dxp �y + iby

�
%̂

; (B.4)

and further, it can be written as a system of ordinary differential equations
8
>>><

>>>:

d�
dt = ay + � x �;

dy
dt = � py � 1

m �;

d%̂
dt =

�
� 1

2Dxx y2 � 1
2Dpp� 2 + Dxp �y + iby

�
%̂;

(B.5)

where two matrices were introduced

� =

"
� x a

� 1
m � p

#

; D =

"
Dpp � Dxp

� Dxp Dxx

#

: (B.6)

For upcoming manipulations, we decided to write this system in the following matrix-scalar form
8
<

:

dv
dt = � v

d%̂
dt =

�
� 1

2vT Dv + ibT v
�

%̂;
(B.7)
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wherev = ( �; y )T . By the results in the theory of systems of ordinary differential equations, the �rst pair

is solved by the following vectorv = exp( t� )! where! is a vector of integration constants. Then, the

second equation can be rephrased as

d%̂
dt

=
�

�
1
2

! T
�

et � T
Det �

�
! + i

�
bT et � �

!
�

%̂; (B.8)

which can also be directly solved via the following function

%̂(�; y; t ) = �( ! ) exp
�
�

1
2

! T
Z �

et � T
Det �

�
dt ! + i

�
bT

Z
et � dt

�
!

� �
�
�
�
! = e� t � v

: (B.9)

The integrals within the exponential can be evaluated directly if needed. However, we notice one peculiarity:

the �rst integral in the expression on the RHS yields a symmetric matrix. To see this, we mark that such an

integral is equivalent to �nding a solution to the Sylvester matrix equation [14]

� T X + X� = D: (B.10)

which results from the time derivative of the following expression:exp
�
t� T

�
X exp(t� ) that might be as-

sociated with the antiderivative of the initial integrand, only if the Sylvester equation is satis�ed. Moreover,

assumingD is a symmetric matrix,DT = D, we obtain the associated equation for the transpose ofX

XT � + � T XT = D; (B.11)

that coincides with the initial equation. According to Sylvester theorem [90], this equation has a unique

solution, for anyD, if and only if � (� T ) \ � (� �) = ; , that is, � T and � � do not share a common

eigenvalue. By the standard result of matrix algebra, a transpose of a matrix has the same eigenvalues, and

thus former condition can be rephrased as� (�) \ � (� �) = ; , meaning that there are no pairs of the type

(�; � � ) within the spectrum of matrix� . Assume for now that� (�) = f � 1; � 2g, then

� x + � p = � 1 + � 2 (B.12)

and

� x � p +
a
m

= � 1� 2 (B.13)

imposing� 2 = � � 1 = � � , we have the following system of equations

8
<

:

0 = 1
2(� x + � p)

� 2 = � � x � p � a
m :

(B.14)

If no such� can be found, then the Sylvester equation (B.10) has a unique solution and thusX = XT ,

meaningX is symmetric. Bearing that in mind, we arrive at the following conclusion, the solution to the

Lindblad-Wigner equation for the potentialU(x) with initial condition%0(x; p) is given by a convolution of

a Gaussian with the function%0(x; p). Even more, if the initial state is given as a Gaussian function, then the

solution, at all timest > 0, is still Gaussian thus, a set of Gaussian functions is invariant under the evolution

generated by the Wigner-Lindblad operator for the potential associated with at most2nd order polynomial.
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Appendix C

The scaling operator implementation

Recall that the scaling operatorŜ [12]

Ŝf (x) := f (�x ) = eln( � )x@x f (x) (C.1)

can be expressed as

f (�x ) = � � 1=2e� i�� � @2
x e� i� � x2

ei�� � @2
x ei� � x2

f (x) (C.2)

The general issue encountered in the given expression is the size of the grid of the conjugated space to the

variablex. From Fast Fourier Transform implementation, we know that being given an initial grid with an

amplitudeX max and sizeN

X = ( � X max ; � X max + � X; : : : ; 0; � X; : : : ; X max � � X ); (C.3)

the set of conjugated variablesL has the amplitude equal to

maxL =
�

� X
: (C.4)

Thus, if one considers highly populated grids with small amplitudeX max � 1 andN � 1, thenmaxL

is a huge number. This implies that, especially near the endpoints of the conjugated interval, theexp
�

iL 2
	

takes values that might contribute to numerical errors. To omit this issue, we take a step back to investigate

the de�nition of a scaling operator, precisely its exponentx@x . We shall de�ne it as a special case of the

Weyl operator

x@x = Ŵ
�

ix� �
1
2

�
: (C.5)

By this de�nition, we notice that the simultaneous division ofx by some constant
 , and the multiplication

of � by the same constant, does not change the initial expression

x@x = Ŵ
�

i
x



(
� ) �
1
2

�
: (C.6)

This allows us to rescale each grid considered by a constant
 , diminishing the numerical errors appearing

due to the exponential function, without changing the value of the total result.
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Appendix D

Example of averaged dynamics

Let us consider a simple closed system whereV (x; � ) = Ex , whereE is a random variable with mean

hE i = 0 with PDF P(E). For simplicity, we set the Lindblad operator to0̂ to see the in�uence of the

averaging procedure upon the averaged evolution. We can approach solving the equation of motion in the

case of a Gaussian state as an initial condition. This leads to the following equation for the system

@t %= � p@x%+ E@p%; (D.1)

whereas for the averaged system, the approximated equation is

@t w = � p@xw + t�@2
ppw; (D.2)

where� =


E 2

�
. Both equations can be solved in terms of the Fourier transform, leading to

%(x; p; t ; E ) =
Z

R2
� 0(x0; p0)K 1(x0; p0; x; p; t ; E )dx0dp0;

w(x; p; t ) =
Z

R2
� 0(x0; p0)K 2(x0; p0; x; p; t ; E )dx0dp0;

(D.3)

where

K 1(x0; p0; x; p; t ; E ) = �
�

x0� x + pt �
Et 2

2

�
� (p0� p + Et );

K 2(x0; p0; x; p; t ) =
3
p

2
2��t 3 e� 9�

t 4 [ 1
6 t2 (p2+3 p02+2 pp0)+ 2

3 t (2p0x0� 2p0x� px)+( x� x0)2]:

(D.4)

Then, the averaged result for different realisations of the amplitude parameterE is simply

R(x; p; t ) =
Z

R2
� 0(x0; p0)

Z
P(E)K 1(x0; p0; x; p; t ; E )dE dx0dp0: (D.5)

The general difference between the two solutions is given by the kernels of the integration, thus, we are

interested in discrepancies occurring in

~K 1 =
Z

P(E)�
�

x0� x + pt �
Et 2

2

�
� (p0� p + Et )dE =

1
t
P

�
p0� p

t

�
�

�
x � x0�

t
2

(p0+ p)
�

;

(D.6)
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and

K 2 =
3
p

2
2��t 3 exp

�
�

9�
t4

�
1
6

t2(p2 + 3p02 + 2pp0) +
2
3

t(2p0x0� 2p0x � px) + ( x � x0)2
��

: (D.7)

To visualise the discrepancies between two kernels, a common initial condition� 0(x; p) was considered in

the form of a multivariate Gaussian function with mean� = 0 and covariance matrix� , namely

� 0(x; p) =
1

2�
p

det �
e� 1

2 (x;p)� � 1 (x;p)T
; (D.8)

with

� =

 
� 11 � 12

� 12 � 22

!

; � 11; � 22 > 0 ^ � 11� 22 � � 2
12; (D.9)

being the covariance matrix. Then, the solution to the initial value problem (IVP) is given by

R(x; p; t ) =
1

2�
p

det �

Z
P(E)e� 1

2 ( � E
2 t2+ pt� x;p� Et ) � � 1( � E

2 t2+ pt� x;p� Et )T

dE

=
1

2�
p

det �

Z
P(E)e� 1

2 (z � Â � 1 � )T Â T � � 1 Â (z � Â � 1 � )dE

=
Z

P(E)N (x;p)

�
Â(t) � 1� (t; E ); Â(t) � 1�( Â(t)T )

� 1
�

dE

=
Z

P(E)N (x;p)

�
Â(� t)� (t; E ); Â(� t)� Â(� t)T

�
dE;

(D.10)

wherez = ( x; p),

Â = Â(t) =

 
1 � t

0 1

!

; Â(t) � 1 = Â(� t) ^ det Â = 1 ; (D.11)

and� = � (t; E ) =
� E

2 t2; Et
� T

. Complementarily, the solution to the second IVP is given by

w(x; p; t ) =
3

�
p

�
� e

� 3
� (x;p)

0

B
@

6(� 22 + t2� ) � 2(3� 12 + 3 � 22t + t3� )

� 2(3� 12 + 3 � 22t + t3� ) t4� + 6 � 22t2 + 12� 12t + 6 � 11

1

C
A (x;p)T

;

(D.12)

where� = �( t; �; � 11; � 22; � 12) = 2 � 2t6 + 18�� 22t4 + 48�� 12t3 + 36�� 11t2 + 36j� j. The statew can be

rewritten in a much more appealing form

w(x; p; t ) =
1

2�
q

j�̂ � 1j
e� 1

2 (x;p) �̂( x;p)T
= N (0; �̂ � 1); (D.13)

where

�̂ =
6
�

 
6(� 22 + t2� ) � 2(3� 12 + 3 � 22t + t3� )

� 2(3� 12 + 3 � 22t + t3� ) t4� + 6 � 22t2 + 12� 12t + 6 � 11

!

; (D.14)

sow is just a Gaussian function centred around0 with the covariance matrix given bŷ� � 1. As an approach

to distinguish between these two states, we calculate two metrics, the normalised Hilbert-Schmidt norm

d1(%1; %2) :=

q R
[%1(x; p; t ) � %2(x; p; t )]2dxdp

q R
%2

1(x; p; t )dxdp +
q R

%2
2(x; p; t )dxdp

; (D.15)
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and normalised overlap function

d2(%1; %2) := 1 �

R
%1(x; p; t )%2(x; p; t )dxdp

q R
%2

1(x; p; t )dxdp
q R

%2
2(x; p; t )dxdp

; (D.16)

as these two measures can be directly translated from the density matrix approach in terms of the Weyl trans-

form. Both functions considered are in the Gaussian form with respect to(x; p) variables, thus calculations

can be conducted analytically. The distanced1 between the approximated statew and the mean stateR is

equal to

d1(w; R) =
�

3
2�

1
p

�
+

Z Z
P(E)P(E 0)N � (t;E ) (� (t; E 0); 2�) dEdE 0

� 2
Z

P(E)N Â (� t )� (t;E ) (0; Â(� t)� Â(� t)T + �̂ � 1)dE
� 1

2

�

 r
3

2�
� � 1

4 +
� Z Z

P(E)P(E 0)N � (t;E ) (� (t; E 0); 2�) dEdE 0
� 1

2

! � 1

;

(D.17)

whereasd2 is given by

d2(w; R) =
1
2

vu
u
u
u
u
u
t

2 � 2

Z
P(E)N Â (� t )� (E;t ) (0; Â(� t)� Â(� t)T + �̂ � 1)dE

q
3

2� � � 1
4

� Z Z
P(E)P(E 0)N � (t;E ) (� (t; E 0); 2�) dEdE 0

� 1
2

: (D.18)

The simplest check for the validity of the results presented is takingP(E) = � (E ), which simultaneously

implies � = 0 , by the previous assumptionhE i = 0 , and the dynamics resembles that of the free particle

for both equations. Then

d1(w; R) = d2(w; R) = 0 : (D.19)

This equality should also hold for an arbitrary probability distributionP(E), at t = 0 . For further analysis,

we consider distributionsP(E) such thathE i = 0 and 0 < � (E ) < + 1 . As a �rst distribution, the

continuous uniform distribution is considered with the domain extending over the intervalE 2 [� 1; 1], thus

P(E) = 1 =2. As a second case, the Gaussian distribution centred around0 is considered. For simplicity and

to reduce the number of parameters, the standard normal distribution will be used, that is,E � N E (0; 1).

Last but not least, a generalised Gaussian distribution centred aroundE = 0 will be considered. As depicted

in the charts, the discrepancy between two WDFs increases quickly throughout the evolution, To provide

the order of change of thedi (t) with respect to timet, a log-log scale was applied to the chart, and linear

regression was performed. The tangent coef�cient was equal to2:89 which suggests that fort � 1 the

order of increase in distance is ofdi (t) � t3. To keep states closer to each other, one may sharpen the

probability distribution aroundE = 0 , as by the previously mentioned property, forP(E) = � (E ) one has

d1(t) = d2(t) = 0 .
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Figure D.1: Comparison of the distance functionsd1(t); d2(t) for different probability distributionsP(E).

Starting from the left: the uniform distribution, the standard normal distribution and generalised Gaussian

distribution

Figure D.2: The distance functionsd1(t); d2(t) for normal distribution with standard deviation� = 0 :01.

The similarity of the states holds longer than in previous cases, for both measures.

This is rather a property of system considered, than the general trait of the averaged system.
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Appendix E

The


� 2� formula for considered

distributions.

In this appendix, we would like to show the exact form for the


� 2

�
operator present in the approximated

equation of motion for the averaged WDF. We will consider a random(2N + 1) dimensional vector� with

uncorrelated entries. Each random variable contributing to this vector will be drawn from either a uniform

or a Gaussian probability distribution. Before providing an explicit formula for probability distributions, we

will simplify the �


� 2(� )

�
� expression (4.94). We keep~ = 1 throughout the calculations.

�


� 2(� )

�
� =

Z
P(� )

�
�V

�
x +

i~
2

r p ; �
�

� �V
�

x �
i~
2

r p ; �
�� 2

d�

=
Z

P(� )
�
�V 2

�
x +

i~
2

r p ; �
�

+ �V 2
�

x �
i~
2

r p ; �
�

� 2�V
�

x +
i~
2

r p ; t; �
�

�V
�

x �
i~
2

r p ; �
��

d� :

(E.1)

Recall, that the minus sign is a result of a composition of two Moyal brackets. Let us introduce an operator

x̂ � := x � i
2r p . Then using the de�nition of�V (4.93) this expression can be simpli�ed to the following

�


� 2(� )

�
� =

Z
P(� )

�
V 2 �

x̂+ ; �
�

+ V 2 �
x̂ � ; �

�
� 2V

�
x̂+ ; �

�
V

�
x̂ � ; �

��
d�

�
� �V 2(x̂+ ) + �V 2(x̂ � ) � 2�V (x̂+ ) �V (x̂ � )

�
:

(E.2)

Consequently, to calculate the correction to the dynamics, we have to �nd the following quantities



V 2(x̂ � ; � )

�
� =

Z
P(� )V 2(x̂ � ; � )d� ; (E.3)

and


V (x̂+ ; � )V (x̂ � ; � )

�
� =

Z
P(� )V (x̂+ ; � )V (x̂ � ; � )d� : (E.4)

We will use the following notationN (x; �; � 2) for thex-dependent Gaussian distribution with mean� and

deviation� . Now, we calculate all the expressions using the following forms of the PDFP(� ):

95



E. The


� 2

�
formula for considered distributions. 96

E.1 The Gaussian distribution

We considered a constituent PDFs in the following form

f (� k ) =
1

p
2�w

e� 1
2w 2 � 2

k = N (� k ; 0; w2) � k 2 R; (E.5)

then the full probability distribution for the random vector� is

P(� ) =
NY

k= � N

f (� k ) =
�

1
p

2�w

� 2N +1

e� 1
2w 2 j � j2 : (E.6)

Recall that the mean potential �eld is given by the following formula (4.99)

�V2(x) =
V0p

2� (� 2 + w2)

NX

k= � N

e
� ( x � k� ) 2

2( � 2+ w 2 ) = V0

NX

k= � N

N (x; k�; � 2 + w2); (E.7)

then we get the following expressions:



V 2(x̂ � ; � )

�
� = V 2

0

NX

k1 ;k2= � N
k16= k2

N
�
k1� ; k2�; 2(w2 + � 2)

�
N

�
x̂ � ;

�
2

(k1 + k2);
1
2

(w2 + � 2)
�

+
V 2

0

2
p

��

NX

k= � N

N
�

x̂ � ; k�;
� 2

2
+ w2

�
;

(E.8)

and furthermore



V (x̂+ ; � )V (x̂ � ; � )

�
� = V 2

0

NX

k1 ;k2= � N
k16= k2

N
�
x̂+ ; k1�; w 2 + � 2�

N
�
x̂ � ; k2�; w 2 + � 2�

+ V 2
0 N

�
x̂+ � x̂ � ; 0; 2� 2� NX

k= � N

N
�

x̂+ + x̂ �

2
; k�;

� 2

2
+ w2

�
:

(E.9)

Then, the expression (E.2) can be rewritten with the help of the following differences



V 2(x̂ � ; � )

�
� � �V 2(x̂ � ) =

V 2
0

2
p

�

NX

k= � N

�
1
�

N
�

x̂ � ; k�;
� 2

2
+ w2

�

�
1

p
� 2 + w2

N
�

x̂ � ; k�;
� 2 + w2

2

��
;

(E.10)

and



V (x̂+ ; � )V (x̂ � ; � )

�
� � �V (x̂+ ) �V (x̂ � ) = V 2

0

NX

k= � N

�
N (x̂+ � x̂ � ; 0; 2� 2)N

�
x̂+ + x̂ �

2
; k�; w 2 +

� 2

2

�

� N (x̂+ ; k�; � 2 + w2)N (x̂ � ; k�; � 2 + w2)
�

:

(E.11)
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E.2 The uniform distribution

We considered a constituent PDFs in the following form

f (� k ) =
1

2��
� (j� k j � �� ); (E.12)

then the full probability distribution for the random vector� is given by

P(� ) =
NY

k= � N

f (� k ) =
�

1
2��

� 2N +1

: (E.13)

Recall that the mean potential �eld is given by the following formula (4.99)

�V1(x) =
V0

4��

NX

k= � N

�
erf

�
�� � x + k�

p
2�

�
+ erf

�
�� + x � k�

p
2�

��
; (E.14)

with it, we get the following expressions:
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u= ��
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�� �
�
�
�

v= ��

v= � ��

+
V 2

0

8
p

��� 2

NX

k= � N

�
erf

�
u + k� � x̂ �

�

�� �
�
�
�

u= ��

u= � ��
;

(E.15)

and complementarily



V (x̂+ ; � )V (x̂ � ; � )
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(E.16)

Thus, in general, we can express the differences present in Eq. (E.2) as
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(E.17)

whereas mixed terms can be written as
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(E.18)
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Both cases lead to overcomplicated expressions, and any way of implementing them numerically seems

futile, bearing in mind the possibility of encountering an in�nite series of operators. However, the operators

x̂ � , under the Fourier transformation, can be re-expressed asx � 1
2y wherey is a Fourier variable associated

with momentump. In conclusion, both expressions can be implemented, and the behaviour of the proposed

equation of motion for the averaged WDF can be investigated. However, this was not the approach we used

in this work, as manual rewriting of such expressions is error-prone, and thus statistical estimators of those

expressions were used instead.
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• The article:Wignerian symplectic covariance approach to the interaction-time problem [185].
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available their thesis, including Springer Nature content, as required by their awarding academic

institution.1
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